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Introduction 

Though arguably trip generation is of primary concern, public transport operators will be further 
interested in understanding the sensitivity of demand distribution to their service quality. In particular 
as a foundation for network design it is important to understand whether passengers would be 
attracted to travel further if for example the fare system would be changed. Consider a common zonal 
fare system where travelling into the city’s central business district is priced significantly more than 
travelling within the suburbs. Our research question is whether these fare differences have an impact 
on trip distribution. For example some passengers might alight earlier at the zone boarder in order to 
save the additional fare of crossing the zone. Similarly we might expect that the base fare to enter the 
system would distract some passengers from using the metro for short trips that are also walkable or 
for which for example buses with usually lower fares, provide similar travel time.   

Objectives and hypothesis  

Smart card data from closed systems allow us to obtain detailed origin-destination matrices, but only 
for a subset of all trips. The main purpose of this paper is to estimate an impedance function for a 
mode specific trip distribution model, in this case for metro. We analyze the impact of fares and 
distance on the OD demand distribution. The public transport specific gravity model that we propose 
aims to explain both a decreasing and an increasing effect with distance: A decreasing impedance 
function with distance to reflect that the metro is becoming more attractive with distance. An 
increasing function with distance to reflect that generally, all else being equal, nearby destinations are 
preferred. Generally such an impedance function 𝑮𝑮[𝑔𝑔𝑖𝑖𝑖𝑖] might be approximated as in (1): 

  𝑔𝑔𝑖𝑖𝑖𝑖 = 𝛼𝛼∙𝑐𝑐𝑖𝑖𝑖𝑖+𝛽𝛽∙𝑓𝑓𝑖𝑖𝑖𝑖
𝑑𝑑𝑖𝑖𝑖𝑖

+ 𝛾𝛾 ∙ 𝑐𝑐𝑖𝑖𝑖𝑖 + 𝛿𝛿 ∙ 𝑓𝑓𝑖𝑖𝑖𝑖       (1) 

where 𝑐𝑐𝑖𝑖𝑖𝑖  denotes the travel time between origin i and destination j, 𝑓𝑓𝑖𝑖𝑖𝑖 the fare and 𝑑𝑑𝑖𝑖𝑖𝑖  the (crow-
fly) distance between the boarding and alighting point.  𝛼𝛼,𝛽𝛽, 𝛾𝛾, 𝛿𝛿 are parameters to be estimated. Our 
rationale is as follows: The first two terms describe the relative cost compared to distance in terms of 
travel time and fare. If the ratios 𝑐𝑐𝑖𝑖𝑖𝑖/𝑑𝑑𝑖𝑖𝑖𝑖 or 𝑓𝑓𝑖𝑖𝑖𝑖/𝑑𝑑𝑖𝑖𝑖𝑖  are small passengers will tend to take a different 
mode as the metro is perceived to be less “cost effective” and we expect less trips made by metro. 
Therefore 𝛼𝛼 and 𝛽𝛽 are hypothesised to take positive values. In line with this argumentation ideally  𝑑𝑑𝑖𝑖𝑖𝑖  
should be the minimum cost of any alternative mode that could be taken for a trip from i to j. As these 
are only available if a multimodal assignment is carried out, we suggest to take crow-fly distance as a 
proxy. Further, 𝛾𝛾 and 𝛿𝛿 are hypothesised to take positive values reflecting a general preference for 



closer destinations. We note that not all four parameters can be estimated in a single model as it 
exceeds the degrees of freedom. We therefore test different combinations of including two to three 
factors. 

Data 

In our study metro Oyster card records from London are used. Using London data allows us to estimate 
the impact of a fairly complex zone-based fare system. To calibrate parameters and investigate the 
model fit we firstly obtain four data sets. Firstly, smart card data allow us to obtain a trip matrix T. 
Secondly, through an assignment model we obtain the travel time matrix C. We obtain the travel time 
as “generalised time costs” by weighting waiting time and travel time twice the value of travelling on 
board. Thirdly, we obtain the fare matrix F by looking up the publically available fares between zones. 
Finally the crow-fly distance matrix D is obtained by using the longitude and latitude of all stations. 

Methodology 1: Regression 

Consider a “classic” graivty model as in (2) where 𝑻𝑻�[�̂�𝑡𝑖𝑖𝑖𝑖] denotes the estimated trip matrix.  
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Parameters r,s and u can usually be estimated by a log transformation of the equation if one takes 
the impedance function as given. In our case though with parameters 𝛼𝛼,𝛽𝛽, 𝛾𝛾, 𝛿𝛿 as well as r,s and u to 
be estimated a linear transformation appears to be not possible. We use nonlinear optimisation 
based on line search instead. 

Methodology 2: Iterative balancing 

Since all OD pairs have been observed consider as an alternative method iterative balancing based on 
a simpler linear form to estimate 𝑻𝑻�[�̂�𝑡𝑖𝑖𝑖𝑖] as in (3). In this formulation parameters k and u are not 
required, however instead we have a large number of OD specific parameters 𝑟𝑟𝑖𝑖 and 𝑠𝑠𝑖𝑖.  
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        (3) 

Assuming again the impedance function to be fixed the problem can be solved with iterative balancing 
such the Furness procedure. In order to jointly estimate the attraction factors and parameters 
𝛼𝛼,𝛽𝛽, 𝛾𝛾, 𝛿𝛿 we embed the Furness procedure as an inner loop to following algorithm.  

Algorithm 1: Heuristic optimisation with iterative balancing 

Load matrices C, D, F, T 
Randomly* modify impedance parameters 𝛼𝛼,𝛽𝛽, 𝛾𝛾, 𝛿𝛿 

  Obtain G 
   Furness procedure to obtain 𝒓𝒓, 𝒔𝒔 
  Obtain 𝑻𝑻� and 𝑅𝑅2 
  Update max 𝑅𝑅2 

Repeat until convergence; no further improvements in 𝑅𝑅2 can be found. 
* for modification of the parameters some heuristic intelligence is used   

We perform large number of iterations in the order of 106 are performed for the outer loop to ensure 
no further improvements can be found. As an evaluation measure for both measures we minimise the 
sum of squares in order to maximise R2. 



Outlook on results 

As initial results we obtain the following parameter estimates as best model fits for both procedures. 
After various test we find that in both models parameter 𝛽𝛽 is best to be omitted. We further find 
that in both models 𝛼𝛼 takes a significant positive value and omitting 𝛼𝛼 leads to much reduced model 
fit. From this we conclude that the decreasing impedance for short distance trips is indeed important 
to consider. We further find a slightly negative parameter 𝛿𝛿 suggesting that in fact the impedance to 
use metro does not increase for longer distance trips. This possibly suggests that the metro is in fact 
underprized for longer trips compared to other modes. We will develop further results and confirm 
these tentative conclusions until the workshop. 

 

Table 1. Parameter estimates by regression analysis 

Parameter Estimate R2 

k 89.5 0.562 
r 0.751 

s 0.756 

u 2.071 

𝛼𝛼 2000.4 

𝛾𝛾 0.231 

𝛿𝛿 -0.111 
 

Table 2. Parameter estimates by iterative balancing 

Parameter Estimate R2 

𝛼𝛼 235.8 0.619 

𝛾𝛾 0.105 

𝛿𝛿 -0.513 

(plus vectors r and s for all 255 
stations)  
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