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HOMOLOGICAL FINITENESS OF ABELIAN COVERS

ALEXANDER I. SUCIU1, YAPING YANG, AND GUFANG ZHAO

Abstract. We present a method for deciding when a regular abelian cover of a finite CW-
complex has finite Betti numbers. To start with, we describe anatural parameter space for all
regular covers of a finite CW-complexX, with group of deck transformations a fixed abelian
group A, which in the case of free abelian covers of rankr coincides with the Grassmanian of
r-planes inH1(X,Q). Inside this parameter space, there is a subsetΩ

i
A(X) consisting of all the

covers with finite Betti numbers up to degreei.
Building on work of Dwyer and Fried, we show how to compute these sets in terms of the

jump loci for homology with coefficients in rank 1 local systems onX. For certain spaces, such
as smooth, quasi-projective varieties, the generalized Dwyer–Fried invariants that we introduce
here can be computed in terms of intersections of algebraic subtori in the character group. For
many spaces of interest, the homological finiteness of abelian covers can be tested through the
corresponding free abelian covers. Yet in general, abeliancovers exhibit different homological
finiteness properties than their free abelian counterparts.
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1. Introduction

By classical covering space theory, the connected, regularcovers of a CW-complex are clas-
sified by the quotients of its fundamental group. In this paper, we investigate the set of covers
with fixed deck-transformation group (usually taken to be anabelian group) for which the Betti
numbers up to a fixed degree are finite.

1.1. A parameter set for regular covers. Let X be a connected CW-complex with finite 1-
skeleton. LetG = π1(X, x0) be the fundamental group, and letA be a quotient ofG. The regular
covers ofX with group of deck transformations isomorphic toA can be parametrized by the set

(1) Γ(G,A) = Epi(G,A)/Aut(A),

where Epi(G,A) is the set of all epimorphisms fromG to A and Aut(A) is the group of automor-
phisms ofA, acting on Epi(G,A) by composition. For an epimorphismν : G։ A, we write its
class inΓ(G,A) by [ν], and the corresponding cover byXν → X.

In the case whenA is abelian, the parameter set forA-covers may be identified withΓ(H,A),
whereH = H1(X,Z). Our first result identifies this set with a (set-theoretical) twisted product
over a rational Grassmannian.

More precisely, letH be the maximal, torsion-free abelian quotient ofH, and identifyH = Zn

andA = Zr . By linear algebra (see, e.g., [2, §12, Theorem 4.3]), any rational subspace ofZn⊗Q

has a primitive sublattice, so this allows us to identify Grr (Zn) with Grr (Qn). Let P be a parabolic
subgroup of GLn(Z), such that GLn(Z)/P is the Grassmannian Grn−r (Zn).

Theorem A (Theorem3.2). There is a bijection

Γ(H,A)←→ GLn(Z) ×P Γ,

whereΓ is the finite setΓ(H/A,A/A), and GLn(Z) ×P Γ is the twisted product of GLn(Z) andΓ
under the natural action of P on the two sets.

1.2. Dwyer–Fried sets and their generalizations.In a foundational paper on the subject, [6],
Dwyer and Fried considered the regular covers of a finite, connected CW-complexX, with
group of deck transformationsA = Zr . Inside the parameter spaceΓ(H,Zr) = Grr (Qn), where
n = rankH, they isolated the setsΩi

r(X), consisting of those covers for which the Betti numbers
up to degreei are finite.

The Dwyer–Fried setsΩi
r (X) have since been studied in depth in [13, 14], using the charac-

teristic varieties ofX. These varieties,Vi(X), are Zariski closed subsets of the character group
Ĥ = Hom(H,C∗); they consist of those rank 1 local systems onX for which the corresponding
cohomology groups do not vanish, for some degree less or equal to i.

We further develop this theory here, by first defining the generalized Dwyer–Fried invariants
of X to be the subsetsΩi

A(X) of Γ(G,A) consisting of those regularA-covers having finite Betti
numbers up to degreei. In the case whenA is a finitely generated (not necessarily torsion-free)
abelian group, we establish a similar formula, computing the invariantsΩi

A(X), viewed now as
subsets ofΓ(H,A), in terms of the characteristic varieties ofX.

Theorem B (Theorem10.5). Let X be a connected, finite CW-complex, and letH = H1(X,Z).
Supposeν : H ։ A is an epimorphism to an abelian groupA. Then

Ω
i
A(X) = {[ν] ∈ Γ(H,A) | im(ν̂) ∩ Vi(X) is finite},

whereVi(X) ⊂ Ĥ is thei-th characteristic variety ofX, andν̂ : Â→ Ĥ is the induced morphism
between character groups.
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1.3. An upper bound for the Ω-sets. In order to estimate the size of the Dwyer–Fried sets, it
is convenient to look at various analogues of the incidence subvarieties of the Grassmannian,
known as the special Schubert varieties.

Given a subgroupξ ≤ H and an abelian groupA, letσA(ξ) be the set of all [ν] ∈ Γ(H,A) for
which rank(ker(ν)+ξ) < rankH, and letUA(ξ) be the subset of those [ν] for which, additionally,
ker(ν) ∩ ξ ⊆ ξ, whereξ̄ denotes the primitive closure ofξ.

Each subgroupξ ≤ H gives rise to an algebraic subgroup,V(ξ) = Ĥ/ξ, of the character group
Ĥ, with identity componentV(ξ). Given a subvarietyW ⊂ Ĥ, and a positive integerd, letΞd(W)
be the collection of all subgroupsξ ≤ H for which the determinant groupξ/ξ is cyclic of order

dividing d, and there is a generatorη of ξ̂/ξ such thatηV(ξ) is a maximal, positive-dimensional
translated subtorus inW. (The setΞ1(W) is essentially the same as the “exponential tangent
cone” from [4, 14].)

Theorem C (Theorem10.7). Let H = H1(X,Z), and letA be a quotient ofH. Then:

Ω
i
A(X) ⊆ Γ(H,A) \

⋃

d≥1

⋃

ξ∈Ξd(Vi (X))

UA(ξ).

In the case whenA has rank one, we show in Theorem12.1that this upper bound is reached;
furthermore, we only need to use in this case the setΞc(A)(Vi(X)), wherec(A) is the largest order
of any element inA. In other words, if rankA = 1, then

(2) Ω
i
A(X) = Γ(H,A) \

⋃

ξ∈Ξc(A)(Vi (X))

UA(ξ).

1.4. Translated subgroups in the characteristic varieties.For a large class of spaces—for
instance, smooth, complex quasi-projective varieties—the characteristic varieties are union of
translated algebraic subgroups ofĤ. Using techniques from [15], we obtain several explicit
formulas in this situation, expressing the Dwyer–Fried sets purely in terms of the corresponding
subgroups ofH, and the associated translation factors.

Theorem D (Theorem13.1). SupposeVi(X) =
⋃s

j=1 η jV(ξ j), whereξ1, . . . , ξs are subgroups of

H = H1(X,Z), andη1, . . . , ηs are torsion elements in̂H. Then

Ω
i
A(X) = Γ(H,A) \

⋃

ξ∈Ξc(Vi (X))

UA(ξ),

wherec is the lowest common multiple of ord(η1) · c(ξ1/ξ1), . . . , ord(ηs) · c(ξs/ξs).

A formula of a different flavor is given in Theorem13.2. A particular case of this formula is
worth singling out: ifVi(X) = V(ξ1) ∪ · · · ∪ V(ξs) is a union of algebraic subgroups of̂H, then

(3) Ω
i
A(X) = Γ(H,A) \

s⋃

j=1

q−1
(
σA(ξ j)

)
,

whereq is the canonical projectionΓ(H,A) onto the rational GrassmannianΓ(H,A), and the sets
σA(ξ j) are usual special Schubert varieties.
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1.5. Abelian versus free abelian covers.This last formula brings up a rather general question:
If a coverXν̄ has finite Betti numbers, doesXν also have finite Betti numbers? This question
can be answered by comparing the generalized Dwyer–Fried invariants ofX with their classical
counterparts.

As before, letA be a quotient ofH = H1(X,Z), and setr = rankA andn = rankH. The
canonical projectionq: Γ(H,A) → Γ(H,A) restricts to a mapΩi

A(X) → Ωi
A
(X) between the

respective Dwyer–Fried sets, thus yielding a a commuting diagram,

(4) Ω
i
A(X) �

� //

q|
Ω

i
A(X)

��

Γ(H,A) � GLn(Z) ×P Γ

q

��
Ω

i
A
(X) �

� // Γ(H,A) � Grn−r (Zn)

If q−1(
Ω

i
A
(X)

)
= Ω

i
A(X), then the finiteness of the Betti numbers of anA-cover can be tested

through the correspondingA-cover. In general, though, diagram (4) is not a pullback diagram;
in that case, the generalized Dwyer–Fried invariants, whenviewed as homotopy type invariants,
contain more information than the classical ones.

This dichotomy is illustrated by the following result.

Theorem E (Propositions13.6 and13.9). Suppose the characteristic varietyVi(X) is of the
form

⋃
j ρ jT j , where eachT j ⊂ Ĥ is an algebraic subgroup, and each ¯ρ j ∈ Ĥ/T j has finite

order.

(i) If ord(ρ̄ j) is coprime to the order of Tors(A), for eachj, thenq−1(
Ω

i
A
(X)

)
= Ω

i
A(X).

(ii) If the identity component ofT1 is not contained in
∏

j,1 T j , the order ofρ1 dividesc(A),
and rankA < rankH − dim

∏
j,1 T j, thenq−1(

Ω
i
A
(X)

)
% Ωi

A(X).

In other words, supposeXν̄ is a regularA-cover ofX, with finite Betti numbers up to degree
i. Then, if condition (i) holds, allA-coversXν have the same finiteness property, whereas if
condition (ii ) holds, one of thoseA-covers will have an infinite Betti number in some degree
less or equal toi.

1.6. Toric complexes. A nice class of spaces to which our theory applies is that of toric com-
plexes. Every simplicial complexL on n vertices determines a subcomplexTL of then-torus,
with fundamental group the right-angled Artin group associated to the 1-skeleton ofL. Identify
the groupH = H1(TL,Z) with Zn. Work of Papadima and Suciu [12] shows that the charac-
teristic varietiesVi(TL) are unions of coordinate subspaces inĤ = (C∗)n; equations for these
subspaces can be read off directly from the simplicial complexL.

Formula (3) computes all the generalized Dwyer–Fried sets of a toric complex. More pre-
cisely, if A is a quotient ofH, then, as noted in Corollary13.4, the complement ofΩi

A(TL) in
Γ(H,A) fibers over the special Schubert varieties associated to the coordinate subspaces com-
prisingVi(TL), with each fiber isomorphic toΓ(H/A,A/A). Thus, ifT ν̄L is a free abelian cover of
TL, with finite Betti numbers up to some degreei, then all finite abelian coversTνL → T ν̄L have
the same homological finiteness property.

1.7. Quasi-projective varieties. Another important class of spaces to which our methods ap-
ply quite well is that of smooth, quasi-projective varieties. For such a spaceX, work of Arapura
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[1] and others shows that

(5) V1(X) = Z ∪
⋃

ξ∈Λ

V(ξ) ∪
⋃

ξ∈Λ′

(
V(ξ) \ V(ξ)

)
,

whereZ is a finite set, andΛ andΛ′ are certain (finite) collections of subgroups ofH = H1(X,Z).

Theorem F (Theorem14.3). With notation as above, letA be a quotient ofH. Then

Ω
1
A(X) = Γ(H,A) \

(⋃

ξ∈Λ

q−1(σA(ξ)
)
∪

⋃

ξ∈Λ′

(
q−1(σA(ξ)

)
∩ θA(ξ)

))
,

whereσA(ξ) ⊆ Grn−r (Zn) � Γ(H,A) is a special Schubert variety, andθA(ξ) consists of those
[ν] ∈ Γ(H,A) for which there is a subgroupξ ≤ ξ′ � ξ such thatξ/ξ′ is cyclic andν(x) , 0 for
all x ∈ ξ \ ξ′.

TheoremE, part (i) now shows the following: if the order ofξ/ξ is coprime toc(A), for each
ξ ∈ Λ′, thenΩ1

A(X) = q−1(
Ω

1
A
(X)

)
.

In general, though, such an equality does not hold. Examplesof this sort can be constructed
using quasi-homogeneous surfaces (with the singularity atthe origin removed), which are ho-
motopy equivalent to Brieskorn manifoldsM = Σ(a1, . . . , an). For instance, ifM = Σ(2, 4, 8),
then the universal free abelian cover ofM has finiteb1, whereas the universal abelian cover of
M has infiniteb1.

1.8. Organization of the paper. This paper is organized as follows:
In §2 and§3, we describe the structure of the parameter setΓ(H,A) for regularA-covers of

a finite, connected CW-complexX with H1(X,Z) = H, while in §4 we define the generalized
Dwyer–Fried invariantsΩi

A(X), and study their basic properties.
In §5, we review the Pontryagin correspondence between subgroups of H and algebraic

subgroups of the character group̂H, while in §6 we associate to each subvarietyW ⊂ Ĥ a
family of subgroups ofH generalizing the exponential tangent cone construction. In §7 and§8,
we introduce and study several subsets of the parameter setΓ(H,A), which may be viewed as
analogues of the special Schubert varieties and the incidence varieties from classical algebraic
geometry.

In §9 we revisit the Dwyer–Fried theory in the more general context of (not necessarily
torsion-free) abelian covers, while in§10we show how to determine the setsΩi

A(X) in terms of
the jump loci for homology in rank 1 local systems onX. In §11, we compare the Dwyer–Fried
invariantsΩi

A(X) with their classical counterparts,Ωi
A
(X), while in§12we discuss in more detail

these invariants in the case when rankA = 1.
Finally, in §13 we study the situation when all irreducible components of the characteristic

varieties ofX are (possibly translated) algebraic subgroups of the character group, while in§14
we consider the particular case whenX is a smooth, quasi-projective variety.

2. A parameter set for regular abelian covers

We start by setting up a parameter set for regular covers of a CW-complex, with special
emphasis on the case when the deck-transformation group is abelian.
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2.1. Regular covers. Let X be a connected CW-complex with finite 1-skeleton. Without loss
of generality, we may assumeX has a single 0-cell, which we will take as our basepoint, call
it x0. Let G = π1(X, x0) be the fundamental group. Since the spaceX has only finitely many
1-cells, the groupG is finitely generated.

Consider an epimorphismν : G ։ A from G to a (necessarily finitely generated) groupA.
Such an epimorphism gives rise to a regular cover ofX, which we denote byXν. Note thatXν

is also a connected CW-complex, the projection mapp: Xν → X is cellular, and the groupA is
the group of deck transformations ofXν.

Conversely, every (connected) regular coverp: (Y, y0)→ (X, x0) with group of deck transfor-
mationsA defines a normal subgroupp♯(π1(Y, y0)) ⊳ π1(X, x0), with quotient groupA. Moreover,
if ν : G ։ A is the projection map onto the quotient, then the coverY is equivalent toXν, that
is, there is anA-equivariant homeomorphismY � Xν.

Let Epi(G,A) be the set of all epimorphisms fromG to A, and let Aut(A) be the automorphism
group ofA. The following lemma is standard.

Lemma 2.1. Let G = π1(X, x0), and let A be a group. The set of equivalence classes of con-
nected, regular A-covers of X is in one-to-one correspondence with

Γ(G,A) := Epi(G,A)/Aut(A),

the set of equivalence classes[ν] of epimorphismsν : G։ A, modulo the right-action ofAut(A).

When the groupA is finite, the parameter setΓ(G,A) is of course also finite. Efficient count-
ing methods for determining the size of this set were pioneered by P. Hall in the 1930s. New
techniques (involving, among other things, characteristic varieties over finite fields) were intro-
duced in [10]. In the particular case whenA is a finite abelian group, a closed formula for the
cardinality ofΓ(G,A) was given in [10], see Theorem2.3below.

2.2. Functoriality properties. The above construction enjoys some (partial) functoriality prop-
erties in both arguments. First, suppose thatϕ : G1 ։ G2 is an epimorphism between two
groups. Composition withϕ gives a map Epi(G2,A) → Epi(G1,A), which in turn induces a
well-defined map,

(6) Γ(G2,A)
ϕ∗ // Γ(G1,A) , [ν] 7→ [ν ◦ ϕ].

Under the correspondence from Lemma2.1, this map can be interpreted as follows. Let
f : (X1, x1) → (X2, x2) be a basepoint-preserving map between connected CW-complexes, and
supposef induces an epimorphismϕ = f♯ : G1 ։ G2 on fundamental groups. Then the map
ϕ∗ sends the equivalence class of the coverpν : Xν2 → X2 to that of the pull-back cover,pν◦ϕ =
f ∗(pν) : Xν◦ϕ1 → X1.

Next, recall that a subgroupK < A is characteristicif α(K) = K, for all α ∈ Aut(A).

Lemma 2.2. Suppose we have an exact sequence of groups,1→ K → A
π
−→ B→ 1, with K a

characteristic subgroup of A. There is then a well-defined map between the parameter sets for
regular A-covers and B-covers of X,

(7) Γ(G,A)
π̃ // Γ(G, B) ,

which sends[ν] to [π ◦ ν].

Proof. Supposeν1, ν2 : G։ A are two epimorphisms so thatα ◦ ν1 = ν2, for someα ∈ Aut(A).
Since the subgroupK = ker(π) is characteristic, the automorphismα induces and automorphism
ᾱ ∈ Aut(B) such that ¯α◦π = π◦α. Hence, ¯α◦(π◦ν1) = π◦ν2, showing thatq is well-defined. �
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The correspondence of Lemmas2.1and2.2is summarized in the following diagram:

(8) G

π◦ν
��❄

❄❄
❄❄

❄❄
❄
ν // A

π

��
B

←→ Xν
pπ //

pν
""❉

❉❉
❉❉

❉❉
❉❉

Xπ◦ν

pπ◦ν

��
X

Under this correspondence, the map ˜π sends the equivalence class of the coverpν to that of the
coverpπ◦ν.

2.3. Regular abelian covers.Let H = Gab be the abelianization of our groupG. Recall we are
assumingG is finitely generated; thus,H is a finitely generated abelian group.

Now supposeA is any other (finitely generated) abelian group. In this case, every homomor-
phismG→ A factors through the abelianization map, ab:G։ H. Composition with this map
gives a bijection between Epi(H,A) and Epi(G,A), which induces a bijection

(9) Γ(H,A) � // Γ(G,A) , [ν] 7→ [ν ◦ ab].

In view of Lemma2.1, we obtain a bijection between the set of equivalence classes of con-
nected, regularA-covers of a CW-complexX and the setΓ(H,A), whereH = H1(X,Z) is the
abelianization ofG = π1(X, x0). Note that this parameter set is empty, unlessA is a quotient of
H.

Let Tors(A) be the torsion subgroup, consisting of finite-order elements in A; clearly, this is
a characteristic subgroup ofA. Let A = A/Tors(A) be the quotient group, and letπ : A→ A be
the canonical projection.

Under the correspondence from (9), an epimorphismν : H ։ A determines a regular cover,
pν◦ab: Xν◦ab→ X, which, for economy of notation, we will write aspν : Xν → X. There is also
a free abelian cover,pν̄ : Xν̄ → X, corresponding to the epimorphism ¯ν = π ◦ ν : H → A.

The projectionπ : A ։ A defines a map Epi(H,A) → Epi(H,A), ν 7→ ν̄, which in turn
induces maps between the parameter spaces forA andA covers,

(10) Γ(H,A)
qH // Γ(H,A) ,

sending the coverpν to the coverpν̄. Notice that this map is compatible with the morphism ˜π
from (7), induced by an epimorphismπ : A։ B with characteristic kernel.

2.4. Splitting the torsion-free part. For a topological groupG, let G → EG → BG be the
universal principalG-bundle; the total spaceEG a contractible CW-complex endowed with a
free G-action, while the base spaceBG the quotient space under this action. We will only
consider here the situation whenG is discrete, in which caseBG= K(G, 1) andEG= ˜K(G, 1).

As before, letH be a finitely generated abelian group. Let Tors(H) be its torsion subgroup,
and letH = H/Tors(H). Fix a splittingH → H; thenH � H ⊕ Tors(H).

Now consider an epimorphismν : H ։ A. After fixing a splittingA →֒ A, we obtain a
decompositionA � A ⊕ Tors(A). We may viewA as a subgroup ofH by choosing a splitting
A →֒ H of the projectionH ։ A. With these identifications,ν induces an epimorphism
ν̃ : H/A։ A/A. This observation leads us to consider the set

(11) Γ = Γ(H/A,A/A).

Clearly, the setΓ is finite. Theorem 3.1 from [10] yields an explicit formula for the size
of this set. Given a finite abelian groupK, and a primep, write the p-torsion part ofK as
Kp = Zpλ1 ⊕ · · · ⊕ Zpλs , for some positive integersλ1 ≥ · · · ≥ λs, wheres = 0 if p ∤ |K|.
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Thus,Kp determines a partitionπ(Kp) = (λ1, . . . , λs). For each such partitionλ, write l(λ) = s,
|λ| =

∑s
i=1 λi , and〈λ〉 =

∑s
i=1(i − 1)λi .

Theorem 2.3([10]). Set n= rankH and r = rankA. For each prime p dividing the order of
A/A, letλ = π((A/A)p) andτ = π((Tors(H/A))p) be the corresponding partitions. Then,

∣∣∣Γ(H/A,A/A)
∣∣∣ =

∏

p |
∣∣∣A/A

∣∣∣

p(|λ|−l(λ))(n−r)+θ(λ− ,τ)
l(λ)∏

i=1

(
pn−r+θi(λ,τ)−θi(λ− ,τ) − pi−1

)

p|λ|+2〈λ〉
∏

k≥1

ϕmk(λ)(p
−1)

,

where mk(λ) = #{i | λi = k}, ϕm(t) =
∏m

i=1(1 − ti), λ− is the partition withλ−i = λi − 1,
θi(λ, τ) =

∑l(τ)
j=1 min(λi , τ j), andθ(λ, τ) =

∑l(λ)
i=1 θi(λ, τ).

For instance,
∣∣∣Γ(Zn,Zps)

∣∣∣ = psn−p(s−1)n

ps−ps−1 , whereas
∣∣∣Γ(Zn,Zs

p)
∣∣∣ =∏s−1

i=0
pn−pi

ps−pi .

Each homomorphismH/A → A/A defines an action ofH/A on A/A. This action yields a
fiber bundle,

(12) A/A→ E(H/A) ×H/A A/A→ B(H/A)

associated to the principal bundleH/A → E(H/A) → B(H/A). The setΓ = Γ(H/A,A/A)
parameterizes all such associated bundles.

2.5. A pullback diagram. We return now to diagram (10), which relates the parameter sets for
regularA andA covers of a connected CW-complexX. This diagram can be further analyzed by
using pullbacks from the universal principal bundles over the classifying spaces for the discrete
groupsA andA.

Let A → EA → BA and A → EA → BA be the respective classifying bundles, and let
X → BA andX → BA be classifying maps for the coversXν → X andXν̄ → X, respectively.
Upon identifying Tors(A) with A/A, we obtain the following diagram:

(13) Tors(A)

��⑧⑧
⑧⑧
⑧⑧
⑧

A

��⑧⑧
⑧⑧
⑧⑧
⑧

��

A

��⑧⑧
⑧⑧
⑧⑧
⑧

��

Tors(A)

��⑧⑧
⑧⑧
⑧⑧
⑧

� // A/A

��⑧⑧
⑧⑧
⑧⑧

A

��

A

��

EA

��⑧⑧
⑧⑧
⑧⑧

��

Xνoo

pπ

��⑧⑧
⑧⑧
⑧⑧
⑧

pν ��

//❴❴❴ E(H/A) ×H/A A/A
β

��⑧⑧
⑧⑧
⑧

❴
✤

EA

��

Xν̄oo

pν̄

��

α // B(H/A)

BA

��⑧⑧
⑧⑧
⑧⑧

Xoo

⑧⑧
⑧⑧
⑧⑧
⑧

⑧⑧
⑧⑧
⑧⑧
⑧

BA Xoo // BH

OO

Here, the mapX → BH realizes the abelianization morphism, ab:π1(X, x0) → H, while α
denotes the compositeXν̄ → X→ BH→ B(H/A).
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Proposition 2.4. The marked square in diagram(13) is a pullback square. That is, the cover
pπ : Xν → Xν̄ is the pullback along the mapα : Xν̄ → B(H/A) of the coverβ : E(H/A) ×H/A

A/A→ B(H/A) corresponding to the epimorphism̃ν : H/A։ A/A.

Proof. Clearly, (α ◦ pπ)♯(π1(Xν)) = im(kerν →֒ kerν̄), while β♯(π1(E(H/A) ×H/A A/A)) =

ker(ν̃ : H/A ։ A/A). After picking a splittingA →֒ H, and identifying the groupH with
kerν̄ ⊕ A, we see that

(α ◦ pπ)♯(π1(Xν)) ⊆ β♯(π1(E(H/A) ×H/A A/A)).

The existence of the dashed arrow in the diagram follows thenfrom the lifting criterion for
covers. It is readily seen that this arrow is equivariant with respect to the actions on source and
target by Tors(A) andA/A; thus, a morphism of covers. This completes the proof. �

Using this proposition, and the discussion from§2.4, we obtain the following corollary.

Corollary 2.5. With notation as above,

Γ(H/A,A/A) // Γ(H,A)
qH // Γ(H,A)

is a set fibration; that is, all fibers of qH are in bijection with the setΓ(H/A,A/A).

Let us identify topologically the fiber ofqH. A regular,A-cover of our spaceX corresponds
to an epimorphism ¯ν : H ։ A. A regular, Tors(A)-cover ofXν̄ corresponds to an epimorphism
kerν̄։ Tors(A). Given these data, and the chosen splittingA →֒ A, we can find an epimorphism
ν : H ։ A, such that the following diagram commutes:

(14) kerν̄ �
� //

����

H
ν̄ // //

ν

��✤
✤

✤ A

Tors(A) �
� // A

π // // A

Thus, any regular, Tors(A)-coverXν → Xν̄ defines a regularA-coverXν → X, whose corre-
sponding free abelian cover isXν̄. Consequently, the fiber of [¯ν] under the mapqH : Γ(H,A) →
Γ(H,A) coincides with the set

(15)
{
[ν] ∈ Γ(H,A) | Xν is a regular Tors(A)-cover ofXν̄

}
.

3. Reinterpreting the parameter set for A-covers

In this section, we give a geometric description of the parameter set for regular abelian covers
of a space.

3.1. Splittings. As before, letH andA be finitely generated abelian groups, and assume there
is an epimorphismH ։ A.

Lemma 3.1. The actionAut(A) on the set of all splittings A/Tors(A) →֒ A induced by the
natural action ofAut(A) on A is transitive.

Proof. SetA = A/Tors(A), and fix a splittings: A →֒ A. Using this splitting, we may decom-
pose the groupA asA⊕ Tors(A), and views: A →֒ A⊕ Tors(A) as the mapa 7→ (a, 0).

An arbitrary splittingσ : A →֒ A⊕ Tors(A) is given bya 7→ (a, σ2(a)), for some homomor-
phismσ2 : A → Tors(A). Consider the automorphism ofα ∈ Aut(A ⊕ Tors(A)) given by the
matrix

(
id 0
σ2 id

)
. Clearly,α ◦ s= σ, and we are done. �
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Denote byn the rank ofH, and byr the rank ofA. Fixing splittingsH →֒ H andA →֒ A, we
haveH = H ⊕ Tors(H), with H = Zn, andA = A⊕ Tors(A), with A = Zr .

Now identify the automorphism group Aut(H) with the general linear group GLn(Z). Let P
be the parabolic subgroup of GLn(Z), consisting all matrices of the form

(
∗1 ∗2
0 ∗3

)
, where∗1 is of

size (n− r)× (n− r). Then GLn(Z)/P is isomorphic to the Grassmannian Grn−r (Zn). It is readily
checked that the left action of P onZn−r , given by multiplication of{∗1} � GLn−r (Z) onZn−r ,
induces an action of P on the setΓ = Γ(H/A,A/A). Also note that, ifA is torsion-free, then the
setΓ is a singleton.

3.2. A fibered product. We are now ready to state and prove the main result of this section.

Theorem 3.2. There is a bijection

Γ(H,A)←→ GLn(Z) ×P Γ

between the parameter setΓ(H,A) = Epi(H,A)/Aut(A) and the twisted product ofGLn(Z)
with the setΓ = Γ(H/A,A/A) over the parabolic subgroupP. Under this bijection, the map
q: Γ(H,A) → Γ(H,A) induced by the projectionπ : A → A corresponds to the canonical pro-
jection

GLn(Z) ×P Γ→ GLn(Z)/P= Grn−r (Z
n).

Proof. Define a mapθ : GLn(Z) × Γ → Γ(H,A) as follows. Given an element (M, [γ]) of
GLn(Z)× Γ, let (γ1, γ2) be a representative of [γ], with γ1 : Zn−r ։ Tors(A) andγ2 : Tors(H)։
Tors(A). Letα1, . . . , αn be the column vectors of the matrixM, which forms a basis ofH � Zn,
we can writeH = Zn−r⊕Zr⊕Tors(H), whereZn−r is the subspace ofH generated by the firstn−r
column vectors ofM. Now defineθ(M, [γ]) = [ν], whereν : Zn−r ⊕Zr ⊕Tors(H)→ Zr ⊕Tors(A)
is the homomorphism given by the matrixN =

(
0 id 0
γ1 0 γ2

)
. It is straightforward to check that the

mapθ is well-defined, i.e.,θ is independent of the splitting and representative we chose.
Now let’s check that the mapθ factors through GLn(Z)×PΓ. Suppose we have two elements

(M, [γ1, γ2]) and (M′, [γ′1, γ
′
2]) of GLn(Z) × Γ which are equivalent, that is, there is a matrix

Q =
(

Q1 Q2
0 Q3

)
∈ P such thatM = M′Q and (γ1Q−1

1 , γ2) = (γ′1, γ
′
2). By definition, the mapθ takes

the pair (M, [γ1, γ2]) to the homomorphismν given by the matrixN above. Changing the basis
of H to the basis given by the column vectors ofM′, the mapν is given by the matrix

NQ−1
=

(
0 Q−1

3 0
γ1Q−1

1 γ1Q4 γ2

)
=

(
Q−1

3 0
γ1Q4 id

) (
0 id 0
γ′1 0 γ′2

)
.

Clearly, the matrix
(

Q−1
3 0
γ1Q4 id

)
defines an automorphism ofA. Thus, the mapθ factors through a

well-defined map,θ : GLn(Z) ×P Γ→ Γ(H,A), which is readily seen to be a bijection. It is now
a straightforward matter to verify the last assertion. �

3.3. Further discussion. A particular case of the above theorem is worth singling out.Recall
H = Zn andA = Zr .

Corollary 3.3. SupposeTors(H) = Zs
p andTors(A) = Zt

p, for some prime p. Then, the parame-
ter setΓ(H,A) is in bijective correspondence withGLn(Z) ×P Grt(Zn−r+s

p ).



HOMOLOGICAL FINITENESS OF ABELIAN COVERS 11

Proof. In this case, the setΓ = Γ(H/A,A/A) is in bijection with Epi(Zn−r
p ⊕ Zs

p,Z
t
p)/Aut(Zt

p).
This bijection is established using the diagram

(16) Zn−r ⊕ Zs
p

����

// // Zt
p

Zn−r
p ⊕ Zs

p

;; ;;✇✇✇✇✇✇✇✇✇✇

Therefore,Γ = Grt(Zn−r+s
p ), and we are done. �

Remark 3.4. Consider the projection mapq: GLn(Z) ×P Γ → GLn(Z)/P = Grn−r (Zn) from
Theorem3.2. It is readily seen that, for each subspaceQ ∈ Grn−r (Zn), the cardinality of the
fiber q−1(Q) is the same as the the cardinality of the setΓ. In particular,q−1(Q) is finite, for all
Q ∈ Grn−r (Zn).

4. Dwyer–Fried sets and their generalizations

In this section, we define a sequence of subsetsΩ
i
A(X) of the parameter set for regularA-

covers ofX. These sets, which generalize the Dwyer–Fried setsΩ
i
r(X), keep track of the homo-

logical finiteness properties of those covers.

4.1. Generalized Dwyer–Fried sets.Throughout this section,X will be a connected CW-
complex with finite 1-skeleton, andG = π1(X, x0) will denote its fundamental group.

Definition 4.1. For each groupA and integeri ≥ 0, the correspondingDwyer–Fried setof X is
defined as

Ω
i
A(X) =

{
[ν] ∈ Γ(G,A) | b j(Xν) < ∞, for all 0 ≤ j ≤ i

}
.

In other words, the setsΩi
A(X) parameterize those regularA-covers ofX having finite Betti

numbers up to degreei. In the particular case whenA is a free abelian group of rankr, we
recover the standard Dwyer–Fried sets,Ωi

r(X) = Ωi
Zr (X), viewed as subsets of the Grassmannian

Grr (Qn), wheren = b1(X).
By our assumption on the 1-skeleton onX, the groupG = π1(X, x0) is finitely generated.

Thus, we may assumeA is also finitely generated, for otherwise Epi(G,A) = ∅, and soΩi
A(X) =

∅, too.
TheΩ-sets are invariant under homotopy equivalence. More precisely, we have the following

lemma, which generalizes the analogous lemma for free abelian covers, proved in [14].

Lemma 4.2. Let f : X→ Y be a (cellular) homotopy equivalence. For any group A, the homo-
morphism f♯ : π1(X, x0) → π1(Y, y0) induces a bijection f∗

♯
: Γ(π1(Y, y0),A) → Γ(π1(X, x0),A),

sending each subsetΩi
A(Y) bijectively ontoΩi

A(X).

Proof. Since f is a homotopy equivalence, the induced homomorphism on fundamental groups,
f♯, is a bijection. Thus, the corresponding map between parameter sets,f ∗

♯
, is a bijection. To

finish the proof, it remains to verify thatf ∗
♯
(Ωi

A(Y)) = Ωi
A(X).
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Let ν : π1(Y, y0) ։ A be an epimorphism. Composing withf♯, we get an epimorphism
ν ◦ f♯ : π1(X, x0) ։ A. By the lifting criterion, f lifts to a map f̄ between the respectiveA-
covers. This map fits into the following pullback diagram:

(17) Xν◦ f♯
f̄ //

��

Yν

��
X

f // Y.

Clearly, f̄ : Xν◦ f♯ → Yν is also a homotopy equivalence. Thus,b j(Yν) < ∞ if and only if
b j(Xν◦ f♯) < ∞, which means thatf ∗

♯
(Ωi

A(Y)) = Ωi
A(X). �

Based on this lemma, we may define theΩ-sets of a (discrete, finitely generated) groupG as
Ω

i
A(G) := Ωi

A(BG), whereBG= K(G, 1) is a classifying space forG.

4.2. Naturality properties. The Dwyer–Fried sets (or their complements) enjoy certain natu-
rality properties in both variables, which we now describe.

Proposition 4.3. Letϕ : G։ Q be an epimorphism of groups. Then, for each group A, there is
an inclusionΩ1

A(Q)c →֒ Ω1
A(G)c.

Proof. Let ν : Q ։ A be an epimorphism. Composing withϕ, we get an epimorphismν ◦
ϕ : G։ A. So there is an epimorphismϕ : ker(ν ◦ ϕ) ։ ker(ν). Taking abelianizations, we get
an epimorphismϕab: ker(ν◦ϕ)ab։ ker(ν)ab. Thus, if ker(ν)ab has infinite rank, then ker(ν◦ϕ)ab

also has infinite rank. The desired conclusion follows. �

Before proceeding, let us recall a well-known result regarding the homology of finite covers,
which can be proved via a standard transfer argument (see, for instance, [8]).

Lemma 4.4. Let p: Y→ X be a regular cover defined by a properly discontinuous action of a
finite group A on Y, and letk be a coefficient field of characteristic0, or a prime not dividing
the order of A. Then, the induced homomorphism in cohomology, p∗ : H∗(X; k) → H∗(Y; k), is
injective, with image the subgroup H∗(Y; k)A consisting of those classesα for whichγ∗(α) = α,
for all γ ∈ A.

Corollary 4.5. Let p: Y→ X be a finite, regular cover. Then bi(X) ≤ bi(Y), for all i ≥ 0.

Now fix a CW-complexX as above, with fundamental groupG = π1(X, x0). Suppose 1→

K → A
π
−→ B→ 1 is a short exact sequence of groups, withK a characteristic subgroup ofA. As

noted in Lemma2.2, the homomorphismπ induces a map ˜π : Γ(G,A)→ Γ(G, B), [ν] 7→ [π ◦ ν],
between the parameter sets for regularA-covers andB-covers ofX.

Proposition 4.6. Suppose K= ker(π : A ։ B) is a finite, characteristic subgroup of A. Then
the mapπ̃ : Γ(G,A) → Γ(G, B) restricts to a map̃π : Ωi

A(X) → Ωi
B(X) between the respective

Dwyer–Fried sets.

Proof. Let ν : G։ A be an epimorphism, and suppose [ν] ∈ Ωi
A(X), that is,b j(Xν) < ∞, for all

j ≤ i. ThenXν → Xπ◦ν is a regularK-cover. By Corollary4.5, we have thatb j(Xπ◦ν) < ∞, for
all j ≤ i; in other words, [π ◦ ν] ∈ Ωi

B(X). �
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Proposition4.6may be summarized in the following commuting diagram:

(18) Ω
i
A(X) �

� //

π̃|
Ω

i
A(X)

��

Γ(G,A)

π̃

��
Ω

i
B(X) �

� // Γ(G, B)

This diagram is a pullback diagram precisely when

(19) π̃−1(Ωi
B(X)) = Ωi

A(X).

As we shall see later on, this condition is not always satisfied. For now, let us just single out
a simple situation when (18) is tautologically a pullback diagram.

Corollary 4.7. With notation as above, ifΩi
B(X) = ∅, thenΩi

A(X) = ∅.

4.3. Abelian versus free abelian covers.Let us now consider in more detail the case whenA
is an abelian group. As usual, we are only interested in the case whenA is a quotient of the
(finitely generated) groupH = Gab, and thus we may assumeA is also finitely generated.

Consider the exact sequence 0→ Tors(A) → A → A → 0. Clearly, Tors(A) is a finite,
characteristic subgroup ofA. Thus, Proposition4.6applies, giving a map

(20) q: Ωi
A(X)→ Ωi

A
(X).

In particular, ifΩi
A
(X) = ∅, thenΩi

A(X) = ∅.

Example 4.8.LetΣg be a Riemann surface of genusg ≥ 2. It is readily seen thatΩi
r (Σg) = ∅, for

all r ≥ 1 andi ≥ 1, cf. [14]. Thus, if A is any finitely generated abelian group with rankA ≥ 1,
thenΩi

A(Σg) = ∅, for all i ≥ 1.

Suppose now we have a short exact sequence 1→ K → A
π
−→ B→ 1, with K characteristic.

Let π̄ : A ։ B be the induced epimorphism between maximal torsion-free quotients. Since
K = ker(π) is finite, π̄ is an isomorphism. Using Proposition4.6 again, and the identification
from (9), we obtain the following commutative diagram:

(21) Ω
i
B(X) //

��

Γ(H, B)

qB

��

Ω
i
A(X) //

88qqqqqq

��

Γ(H,A)

π̃
::tttttt

qA

��

Ω
i
B
(X) // Γ(H, B)

Ω
i
A
(X) //

rrrrrr

rrrrrr

Γ(H,A)

˜̄π ✇✇✇✇✇✇

✇✇✇✇✇✇

Proposition 4.9. Assume the functioñπ : Γ(H,A) → Γ(H, B) is surjective. Then, if the front
square in diagram (21) is a pullback square, so is the back square; that is,

q−1
A

(
Ω

i
A

)
= Ω

i
A =⇒ q−1

B

(
Ω

i
B

)
= Ω

i
B.

Proof. Suppose the back square is not pullback square. Then there exist elements [¯ν] ∈ Ωi
B

and [ν] ∈ Γ(H, B) \ Ωi
B such thatqB([ν]) = ν̄. By assumption, the map ˜π is surjective; thus,



14 A. SUCIU, Y. YANG, AND G. ZHAO

π̃−1([ν]) is nonempty. Pick an element [σ] ∈ π̃−1([ν]). Then [σ] ∈ Γ(H,A) \ Ωi
A, for otherwise

[ν] = π̃([σ]) ∈ Ωi
B. On the other hand,

qA([σ]) = qB(π̃([σ])) = qB([ν]) = [ν̄] ∈ Ωi
B
= Ω

i
A
.

Thus, the front square is not a pullback diagram, either. �

4.4. The comparison diagram. Now fix a splittingA →֒ A, which gives rise to an isomor-
phismA � A⊕ Tors(A). Similarly, after fixing a splittingH →֒ H, the abelianizationH = Gab

also decomposes asH � H ⊕ Tors(H). Theorem3.2yields an identification

(22) Γ(H,A) � GLn(Z) ×P Γ,

wheren = rankH, the group P is a parabolic subgroup of GLn(Z) so that GLn(Z)/P= Grn−r (Zn),
andΓ = Γ(H/A,A/A).

Putting things together, we obtain a commutative diagram, which we shall refer to as the
comparison diagram,

(23) Ω
i
A(X) �

� //

q|
Ω

i
A(X)

��

Γ(H,A) � GLn(Z) ×P Γ

q

��
Ω

i
A
(X) �

� // Γ(H,A) � Grn−r (Zn)

The next result reinterprets the condition that this diagram is a pull-back in terms of Betti
numbers of abelian covers.

Proposition 4.10. The following conditions are equivalent:

(i) Diagram(23) is a pull-back diagram.
(ii) q−1(

Ω
i
A
(X)

)
= Ω

i
A(X).

(iii) If X ν̄ is a regularA-cover with finite Betti numbers up to degree i, then any regular
Tors(A)-cover of X̄ν has the same finiteness property.

Proof. The equivalence (i)⇔ (ii ) is immediate. To prove (ii )⇔ (iii ), consider an epimorphism
ν : G։ A, and let ¯ν = π ◦ ν : G։ A. We know from (15) thatq−1([ν̄]) coincides with the set of
equivalence classes of regular Tors(A)-coversXν → Xν̄. The desired conclusion follows. �

In other words, (23) is a pull-back diagram if and only if the homological finiteness of an
arbitrary abelian cover ofX can be tested through the corresponding free abelian cover.

5. Pontryagin duality

Following the approach from [9, 15], we now discuss a functorial correspondence between
finitely generated abelian groups and abelian, complex algebraic reductive groups.

5.1. A functorial correspondence. Let C∗ be the multiplicative group of units in the field of
complex numbers. Given a groupG, let Ĝ = Hom(G,C∗) be the group of complex-valued
characters ofG, with pointwise multiplication inherited fromC∗, and identity the character
taking constant value 1∈ C∗ for all g ∈ G. If the groupG is finitely generated, then̂G is an
abelian, complex reductive algebraic group. Given a homomorphismϕ : G1 → G2, let ϕ̂ : Ĝ2 →

Ĝ1, ρ 7→ ρ ◦ ϕ be the induced morphism between character groups. Since thegroupC∗ is
divisible, the functorG ❀ Ĝ = Hom(H,C∗) is exact.
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Now letH = Gab be the maximal abelian quotient ofG. The abelianization map, ab:G→ H,

induces an isomorphism̂ab: Ĥ
≃ // Ĝ. If H is torsion-free, then̂H can be identified with the

complex algebraic torus (C∗)n, wheren = rank(H). If H is a finite abelian group, then̂H is, in
fact, isomorphic toH.

More generally, letH be the maximal torsion-free quotient ofH. Fixing a splittingH → H

yields a decompositionH � H ⊕ Tors(H), and thus an isomorphism̂H � Ĥ × Tors(H). For
simplicity, write T = Ĥ, andT0 for the identity component of this abelian, reductive, complex

algebraic group; clearly,T0 = Ĥ is an algebraic torus.
Conversely, we can associate toT its weight group,Ť = Homalg(T,C∗), where the hom set is

taken in the category of algebraic groups. The (discrete) groupŤ is a finitely generated abelian
group. LetC[Ť] be its group algebra. We then have natural identifications,

(24) maxSpec (C[Ť]) = Homalg(C[Ť],C) = Homgroup(Ť,C∗) = T.

The correspondenceH ! T extends to a duality

(25) Subgroups ofH

V ++

Algebraic subgroups ofT

ǫ
kk

whereV sends a subgroupξ ≤ H to Hom(H/ξ,C∗) ⊆ T, while ǫ sends an algebraic subgroup
C ⊆ T to ker(Ť ։ Č) ≤ H.

Both sides of (25) are partially ordered sets, with naturally defined meets and joins. As
showed in [15], the above correspondence is an order-reversing equivalence of lattices.

5.2. Primitive lattices and connected subgroups.Given a subgroupξ ≤ H, set

(26) ξ :=
{
x ∈ H | mx∈ ξ for somem ∈ N

}
.

Clearly,ξ is again a subgroup ofH, andH/ξ is torsion-free. By definition,ξ is a finite-index
subgroup ofξ; in particular, rank(ξ) = rank(ξ). The quotient group,ξ/ξ, called thedeterminant
groupof ξ, fits into the exact sequence

(27) 0 // H/ξ // H/ξ // ξ/ξ // 0 .

The inclusionξ →֒ H induces a splittingξ/ξ →֒ H/ξ, showing thatξ/ξ � Tors(H/ξ). Since the

(abelian) groupξ/ξ is finite, it is isomorphic to its character group,̂ξ/ξ, which in turn can be
viewed as a (finite) subgroup of̂H = T.

The subgroupξ is calledprimitive if ξ = ξ. Under the correspondenceH ! T, primitive
subgroups ofH correspond to connected algebraic subgroups ofT. For an arbitrary subgroup
ξ ≤ H, we have an isomorphism of algebraic groups,

(28) V(ξ) � ξ̂/ξ · V(ξ).

In particular, the irreducible components ofV(ξ) are indexed by the determinant group,ξ/ξ,
while the identity component isV(ξ).
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5.3. Pulling back algebraic subgroups.Now let ν : H ։ A be an epimorphism, and let
ν̄ : H ։ A be the induced epimorphism between maximal torsion-free quotients. Applying the
Hom(−,C∗) functor to the left square of (29) yields the commuting right square in the display
below:

(29) H
ν // //

��

A

��
H

ν̄ // // A

❀

Ĥ Â? _
ν̂oo

Ĥ

OO

Â? _
ˆ̄νoo

OO

The morphism ˆν : Â → Ĥ sends the identity component̂A0 to the identity component̂H0,
thereby defining a morphism ˆν0 : Â0 → Ĥ0. Fixing a splittingA → A yields an isomorphism

Â � Â× Tors(A). The following lemma is now clear.

Lemma 5.1. Let ν : H ։ A be an epimorphism. Upon identifyinĝA = Â0 and Ĥ = Ĥ0, we
have:

(i) ˆ̄ν = ν̂0.
(ii) im( ν̂) = V(ker(ν)).

Consequently, im(̄̂ν) = V(ker(ν))0.

5.4. Intersections of translated subgroups.Before proceeding, we need to recall some results
from [15], which build on work of Hironaka [9]. In what follows,T will be an abelian, reductive
complex algebraic group.

Proposition 5.2([15]). Letξ1 andξ2 be two subgroups of H, and letη1 andη2 be two elements
in T = Ĥ. Thenη1V(ξ1) ∩ η2V(ξ2) , ∅ if and only ifη1η

−1
2 ∈ V(ξ1 ∩ ξ2), in which case

dimη1V(ξ1) ∩ η2V(ξ2) = rankH − rank(ξ1 + ξ2).

Proposition 5.3([15]). Let C and V be two algebraic subgroups of T .

(i) Supposeα1, α2, andη are torsion elements in T such thatαiC ∩ ηV , ∅, for i = 1, 2.
Then

dim (α1C ∩ ηV) = dim (α2C ∩ ηV).

(ii) Supposeα andη are torsion elements in T, of coprime order. Then

C ∩ ηV = ∅ =⇒ αC ∩ ηV = ∅.

Here is a corollary, which will be useful later on.

Corollary 5.4. Let C and V be two algebraic subgroups of T . Supposeα andρ are torsion
elements in T, such thatρ < CV, α−1ρ ∈ CV, anddim(C ∩ V) > 0. Then C∩ ρV = ∅ and
dim(αC ∩ ρV) > 0.

Proof. By Proposition5.2,

ρ < C · V ⇔ C ∩ ρV = ∅ andα−1ρ ∈ C · V ⇔ αC ∩ ρV , ∅.

By Proposition5.3, dim(αC ∩ ρV) = dim(C ∩ V) > 0. The conclusion follows. �

6. An algebraic analogue of the exponential tangent cone

We now associate to each subvarietyW ⊂ T and integerd ≥ 1 a finite collection,Ξd(W), of
subgroups of the weight groupH = Ť, which allows us to generalize the exponential tangent
cone construction from [4].
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6.1. A collection of subgroups. Let T be an abelian, reductive, complex algebraic group, and
consider a Zariski closed subsetW ⊂ T. The translated subtori contained inW define an
interesting collection of subgroups of the discrete groupH = Ť.

Definition 6.1. Given a subvarietyW ⊂ T, and a positive integerd, letΞd(W) be the collection
of all subgroupsξ ≤ H for which the following two conditions are satisfied:

(i) The determinant groupξ/ξ is cyclic of order dividingd.

(ii) There is a generatorη ∈ ξ̂/ξ such thatη · V(ξ) is a maximal, positive-dimensional,
torsion-translated subtorus inW.

Clearly, ifd | m, thenΞd(W) ⊆ Ξm(W). Although this is not a priori clear from the definition,
we shall see in Proposition6.8thatΞd(W) is finite, for eachd ≥ 1.

To gain more insight into this concept, let us work out what the setsΞd(W) look like in the
case whenW is a coset of an algebraic subgroup ofT.

Lemma 6.2. Suppose W= ηV(χ), whereχ is a subgroup of H andη ∈ Ĥ is a torsion element.
Write V(χ) =

⋃
ρ∈χ̂/χ

ρV(χ). Then

Ξd(W) =
{
ξ ≤ H

∣∣∣∃ ρ ∈ χ̂/χ such thatord(ηρ) | d andĤ/ξ =
⋃

m≥1

(ηρ)mV(χ)
}
.

Corollary 6.3. If χ is a primitive subgroup of H andη is an element of order d in̂H, then
Ξd(ηV(χ)) consists of the single subgroupξ ≤ χ for whichξ = χ andχ̂/ξ = 〈η〉.

Now note thatΞd commutes with unions: ifW1 andW2 are two subvarieties ofT, then

(30) Ξd(W1 ∪W2) = Ξd(W1) ∪ Ξd(W2).

Lemma6.2, then, provides an algorithm for computing the setsΞd(W), wheneverW is a (finite)
union of torsion-translated algebraic subgroups ofT.

Example 6.4. Let H = Z2, and consider the subvarietyW = {(t, 1) | t ∈ C∗} ∪ {(−1, t) | t ∈ C∗}
insideT = (C∗)2. Note thatW = V(ξ1) ∪ ηV(ξ2), whereξ1 = 0⊕ Z, ξ2 = Z ⊕ 0, andη = (−1, 1).
Hence,Ξd(W) = {ξ1} if d is odd, andΞd(W) = {ξ1, 2ξ2} if d is even.

6.2. The exponential map. Consider now the lattice

(31) H = H∨ := Hom(H,Z).

Evidently,H � H/Tors(H). Moreover, each subgroupξ ≤ H gives rise to a sublattice (H/ξ)∨ ≤
H∨.

Let Lie(T) be the Lie algebra of the complex algebraic groupT. The exponential map
exp: Lie(T) → T is an analytic map, whose image isT0. Let us identifyT0 = Hom(H∨,C∗)
and Lie(T) = Hom(H∨,C). Under these identifications, the corestriction to the image of the
exponential map can be written as

(32) exp= Hom(−, e2π i z) : Hom(H∨,C)→ Hom(H∨,C∗),

wherez 7→ ez is the usual exponential map fromC toC∗. Finally, upon identifying Hom(H∨,C)
withH ⊗ C, we see thatT0 = exp(H ⊗ C).

The correspondenceT ❀ H = (Ť)∨ sends an algebraic subgroupW insideT to the sublattice
χ = (W̌)∨ insideH . Clearly,χ = Lie(W)∩H is a primitive lattice; furthermore, exp(χ⊗C) =W0.
As shown in [15], we have

(33) V((H/χ)∨) = exp(χ ⊗ C),

where both sides are connected algebraic subgroups insideT0 = exp(H ⊗ C).
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6.3. Exponential interpretation. The construction from§6.1 allows us to associate to each
subvarietyW ⊂ T and each integerd ≥ 1 a subsetτd(W) ⊆ H∨, given by

(34) τd(W) =
⋃

ξ∈Ξd(W)

(H/ξ)∨.

The next lemma reinterprets the setτ1(W) in terms of the “exponential tangent cone” con-
struction introduced in [4] and studied in detail in [14].

Lemma 6.5. For every subvariety W⊂ T,

(35) τ1(W) = {x ∈ H∨ | exp(λx) ∈W, for all λ ∈ C}.

Proof. Denote byτ the right-hand side of (35). Given a non-zero homomorphismx: H → Z
such thatx ∈ τ, the subgroup ker(x) ≤ H is primitive andV(ker(x)) = exp(Cx) ⊆ W. Hence,
we can find a subgroupξ ≤ H such thatξ is primitive, V(ker(x)) j V(ξ), andV(ξ) ⊆ W is a
maximal subtorus. By (33), we have thatV(ξ) = exp((H/ξ)∨ ⊗ C), which impliesx ∈ τ1(W).

Conversely, for any non-zero elementx ∈ τ1(W), there is a subgroupξ ≤ H such thatξ ∈
Ξ1(W) andx ∈ (H/ξ)∨. Thus,Cx ⊆ (H/ξ)∨⊗C, and so exp(Cx) ⊆ exp((H/ξ)∨⊗C) = V(ξ) ⊆W.
Sincex , 0, the mapx: H → Z is surjective; thus,V(ker(x)) = V((H/χ)∨), whereχ is the rank
1 sublattice ofH generated byx. Hence,V(ker(x)) = exp(χ ⊗ C) ⊆W, and sox ∈ τ. �

Using now the characterization of exponential tangent cones given in [4, 14], we obtain the
following immediate corollary.

Corollary 6.6. τ1(W) is a finite union of subgroups of H∨.

Thus, the setτQ1 (W) =
⋃
ξ∈Ξ1(W)(H/ξ)

∨ ⊗ Q is a finite union of linear subspaces in the vector
spaceQn, wheren = rankH.

Example 6.7. Let T = (C∗)n, and supposeW = Z( f ), for some Laurent polynomialf in n
variables. Writef (t1, . . . , tn) =

∑
a∈S cata1

1 · · · t
an
n , whereS is a finite subset ofZn, andca ∈ C

∗

for eacha = (a1, . . . , an) ∈ S. We say a partitionp = (p1 | · · · |pq) of the supportS is admissible
if

∑
a∈p j

ca = 0, for each 1≤ j ≤ q. To such a partition, we associate the subgroup

(36) L(p) = {x ∈ Zn | (a− b) · x = 0, ∀a, b ∈ p j , ∀ 1 ≤ j ≤ q}.

Then τ1(W) is the union of all subgroupsL(p), wherep runs through the set of admissible
partitions ofS. In particular, if f (1) , 0, thenτ1(W) = ∅.

Proposition 6.8. For each d≥ 1, the setΞd(W) is finite.

Proof. Fix an integerd ≥ 1. For any torsion pointη ∈ T whose order dividesd, consider the set

Ξd(W, η) of subgroupsξ ≤ H for which ξ̂/ξ = 〈η〉 andη·V(ξ) is a maximal, positive-dimensional,
torsion-translated subtorus inW. Then

(37) Ξd(W) =
⋃

η

Ξd(W, η),

where the union runs over the (finite) set of torsion pointsη ∈ T whose order dividesd.
For each such pointη, we have a mapΞd(W, η) → Ξ1(η−1W), ξ 7→ ξ. Clearly, this map is an

injection. Now, Corollary6.6insures that the setΞ1(W) is finite. Thus, the setΞ1(η−1W) is also
finite, and we are done. �
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7. The incidence correspondence for subgroups of H

We now single out certain subsetsσA(ξ) andUA(ξ) of the parameter setΓ(H,A), which may
be viewed as analogues of the special Schubert varieties in Grassmann geometry.

7.1. The setsσA(ξ). We start by recalling a classical geometric construction. LetV be a variety
in Qn defined by homogeneous polynomials. Setm = dimV, and assumem > 0. Consider the
locus ofr-planes inQn intersectingV non-trivially,

(38) σr (V) =
{
P ∈ Grr (Qn)

∣∣∣ dim(P∩ V) > 0
}
.

This set is a Zariski closed subset of Grr (Qn), called thevariety of incident r-planesto V. For
all 0 < r < n−m, this is an irreducible subvariety, of dimension (r − 1)(n− r) +m− 1.

Particularly simple is the case whenV is a linear subspaceL ⊂ Qn. The corresponding
incidence variety,σr (L), is known as thespecial Schubert varietydefined byL. Clearly,σ1(L) =
P(L), viewed as a projective subspace inQPn−1 := P(Qn).

Now let H be a finitely generated abelian group, letA be a factor group ofH, and let
Γ(H,A) = Epi(H,A)/Aut(A).

Definition 7.1. Given a subgroupξ ≤ H, let σA(ξ) be the set of all [ν] ∈ Γ(H,A) for which
rank(ker(ν) + ξ) < rankH.

WhenA is torsion-free, we recover the classical definition of special Schubert varieties. More
precisely, setn = rankH andr = rankA. We then have the following lemma.

Lemma 7.2. Under the natural isomorphismΓ(H,A) � Grr (Qn), the setσA(ξ) corresponds to
the special Schubert varietyσr ((H/ξ)∨ ⊗ Q).

Proof. Let Grr (H∨ ⊗ Q) be the Grassmannian ofr-dimensional subspaces in the vector space
H∨ ⊗ Q � Qn. Given an epimorphismν : H ։ A and a subgroupξ ≤ H, we have

rank(ker(ν) + ξ) < rankH ⇐⇒ dim((H/ ker(ν))∨ ⊗ Q ∩ (H/ξ)∨ ⊗ Q) > 0.

Thus, the isomorphism

Γ(H,A) ≃ // Grr (H∨ ⊗ Q), [ν] 7→ (H/ ker(ν))∨ ⊗ Q

establishes a one-to-one correspondence betweenσA(ξ) andσr ((H/ξ)∨ ⊗ Q). �

For instance, ifA is infinite cyclic, then the parameter setΓ(H,Z) may be identified with the
projective spaceP(H∨), while the setσZ(ξ) coincides with the projective subspaceP((H/ξ)∨).

Example 7.3. Let ξ ≤ Z2 be the sublattice spanned by the vector (a, b) ∈ Z2. ThenσZ(ξ) ⊂
Γ(Z2,Z) corresponds to the point (−b, a) ∈ QP1.

The setsσA(ξ) can be reconstructed from the classical Schubert varietiesσA(ξ) associated
to the latticeA = A/Tors(A) by means of the set fibration described in Theorem3.2. More
precisely, we have the following proposition.

Proposition 7.4. Let q: Γ(H,A)→ Γ(H,A) be the natural projection map. Then

(i) q(σA(ξ)) = σA(ξ).
(ii) q−1(σA(ξ)) = σA(ξ).

Therefore,σA(ξ) fibers over the Schubert varietyσA(ξ), with each fiber isomorphic to the set
Γ(H/A,A/A).
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7.2. The setsUA(ξ). Although simple to describe, the setsσA(ξ) do not behave too well with
respect to the correspondence between subgroups ofH and algebraic subgroups ofT = Ĥ. This
is mainly due to the fact that theσA-sets do not distinguish between a subgroupξ ≤ H and its
primitive closure,ξ. To remedy this situation, we identify certain subsetsUA(ξ) ⊆ σA(ξ) which
turn out to be better suited for our purposes.

Definition 7.5. Given a subgroupξ ≤ H, let UA(ξ) be the set of all [ν] ∈ σA(ξ) for which
ker(ν) ∩ ξ ⊆ ξ.

In particular, ifξ = ξ, thenUA(ξ) = σA(ξ). In general, though,UA(ξ) $ σA(ξ). In order to
reinterpret this definition in more geometric terms, we needa lemma.

Lemma 7.6. Let ξ ≤ H be a subgroup such thatξ/ξ is cyclic, and letχ ≤ H be another a
subgroup. Then the following conditions are equivalent.

(i) χ ∩ ξ ⊆ ξ.

(ii) V(χ) ∩ ηV(ξ̄) , ∅, for some generatorη of ξ̂/ξ.

(iii) V(χ) ∩ ηV(ξ̄) , ∅, for any generatorη of ξ̂/ξ.

(iv) η ∈ V(ker(ν) ∩ ξ), for some generatorη of ξ̂/ξ.

(v) η ∈ V(ker(ν) ∩ ξ), for any generatorη of ξ̂/ξ.

Proof. Let η be a generator of the finite cyclic group̂ξ/ξ. We then have

(39) ǫ(〈η〉) ∩ ξ = ξ.

By Proposition5.2, the intersectionV(χ) ∩ ηV(ξ̄) is non-empty if and only ifη ∈ V(χ ∩ ξ̄),
that is,〈η〉 ⊆ V(χ ∩ ξ̄), which in turn is equivalent to

(40) ǫ(〈η〉) ⊇ χ ∩ ξ̄.

In view of equality (39), inclusion (40) is equivalent toχ ∩ ξ ⊆ ξ. This shows (i)⇔ (ii ).
The other equivalences are proved similarly. �

Corollary 7.7. Let ξ ≤ H be a subgroup, and assumeξ/ξ is cyclic. Letν : H ։ A be an
epimorphism. Then

[ν] ∈ UA(ξ) ⇐⇒ dim (V(ker(ν)) ∩ ηV(ξ)) > 0

for any (or, equivalently, for some) generatorη ∈ ξ̂/ξ.

Despite their geometric appeal, the setsUA(ξ) do not enjoy a naturality property analogous
to the one from Proposition7.4. In particular, the projection mapq: Γ(H,A) → Γ(H,A) may
not restrict to a mapUA(ξ)→ UA(ξ). Here is a simple example.

Example 7.8. Let ν : H ։ A be the canonical projection fromH = Z2 to A = Z ⊕ Z2, and let
ξ = ker(ν). Then [ν] ∈ UA(ξ), but [ν̄] < UA(ξ).

8. The incidence correspondence for subvarieties of Ĥ

In this section, we introduce and study certain subsetsΥA(W) ⊆ Γ(H,A), which can be
viewed as the toric analogues of the classical incidence varietiesσr (V) ⊆ Grr (Qn).
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8.1. The setsUA(W). Let us start by recalling some constructions we discussed previously. In
§6.1, we associated to each subvarietyW of the algebraic groupT = Ĥ and each integerd ≥ 1 a
certain collectionΞd(W) of subgroups ofH. In §7.2, we associated to each subgroupξ ≤ H and
each abelian groupA a certain subsetUA(ξ) of the parameter setΓ(H,A) = Epi(H,A)/Aut(A).
Putting together these two constructions, we associate nowto W a family of subsets ofΓ(H,A),
as follows.

Definition 8.1. Given a subvarietyW ⊂ T, an abelian groupA, let

(41) UA(W) =
⋃

d≥1

UA,d(W),

where

(42) UA,d(W) =
⋃

ξ∈Ξd(W)

UA(ξ).

By Proposition6.8, the union in (42) is a finite union.

Lemma 8.2. The set UA,d(W) consists of all[ν] ∈ Γ(H,A) for which there is a subgroupξ ≤ H
and an elementη ∈ Ĥ of order dividing d such thatηV(ξ) is a maximal, positive-dimensional
translated subtorus in W, anddim (V(kerν) ∩ ηV(ξ)) > 0.

Proof. Letν : H ։ A be an epimorphism such that [ν] ∈ UA(ξ), for someξ ∈ Ξd(W). According
to Definition 6.1, this means that the groupξ/ξ is cyclic of order dividingd, and there is a

generatorη ∈ ξ̂/ξ such thatηV(ξ) is a maximal, positive-dimensional translated subtorus in W.
In view of Corollary7.7, the fact that [ν] ∈ UA(ξ) insures thatV(ker(ν)) ∩ ηV(ξ) has positive
dimension. �

The cased = 1 is worth singling out.

Corollary 8.3. Let W⊂ T be a subvariety. Set n= rankH and r= rankA. Then:

(i) UA,1(W) =
⋃
ξ∈Ξ1(W) σA(ξ).

(ii) Under the isomorphismΓ(H,A) � Grr (Qn), the set UA,1(W) corresponds to the inci-

dence varietyσr (τ
Q

1 (W)).

In general, the setUA(W) is larger thanUA,1(W). Here is a simple example; a more general
situation will be studied in§12.3.

Example 8.4. Let H = Z2 and letW ⊂ (C∗)2 be the subvariety from Example6.4. Pick
A = Z⊕Z2, and identifyΓ(H,A) with QP1. ThenUA,d(W) = {(1, 0)} or {(1, 0), (0, 1)}, according
to whetherd is odd or even.

8.2. The setsΥA(W). As before, letH be a finitely-generated abelian group, and letT = Ĥ be
its Pontryagin dual. The next definition will prove to be key to the geometric interpretation of
the (generalized) Dwyer–Fried invariants.

Definition 8.5. Given a subvarietyW ⊂ T, and an abelian groupA, define a subsetΥA(W) of
the parameter setΓ(H,A) by setting

(43) ΥA(W) =
{
[ν] ∈ Γ(H,A) | dim(V(kerν) ∩W) > 0

}
.
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Roughy speaking, the setΥA(W) ⊂ Γ(H,A) associated to a varietyW ⊂ T is the toric ana-
logue of the incidence varietyσr (V) ⊂ Grr (Qn) associated to a homogeneous varietyV ⊂ Qn.

It is readily seen thatΥA commutes with unions: ifW1 andW2 are two subvarieties ofT, then

(44) ΥA(W1 ∪W2) = ΥA(W1) ∪ ΥA(W2).

Moreover,ΥA(W) depends only on the positive-dimensional components ofW. Indeed, ifZ is a
finite algebraic set, thenΥA(W∪ Z) = ΥA(W).

The next result gives a convenient lower bound for theΥ-sets.

Proposition 8.6. Let A be a quotient of H. Then

(45) UA(W) j ΥA(W).

Proof. Let ν : H ։ A be an epimorphism such that [ν] ∈ UA,d(W), for somed ≥ 1. By Lemma
8.2, we have that dim(V(kerν) ∩W) > 0. Thus, [ν] ∈ ΥA(W). �

As we shall see in Example10.8, inclusion (45) may well be strict.

8.3. Translated subgroups. If the varietyW is a torsion-translated algebraic subgroup ofT,
we can be more precise.

Theorem 8.7. Let W = ηV(ξ), whereξ ≤ H is a subgroup, andη ∈ Ĥ has finite order. Then
ΥA(W) = UA,c(W), where c= ord(η) · c(ξ/ξ).

Proof. Inclusion⊇ follows from Proposition8.6, so we only need to prove the opposite inclu-
sion. Write

V(ξ) =
⋃

ρ∈ξ̂/ξ

ρV(ξ).

Let ν : H ։ A be an epimorphism such that [ν] ∈ ΥA(ηV(ξ)). Hence, there is a character
ρ : ξ/ξ → C∗ such that dim (V(ker(ν)) ∩ ηρV(ξ)) > 0. Consider the subgroup

χ = ǫ
(⋃

m

(ηρ)mV(ξ)
)
.

Lemma6.2 implies thatχ ∈ Ξd(ηV(ξ)), whered = ord(ηρ). Using Corollary7.7, we conclude
that [ν] ∈ UA(χ).

Finally, setc = ord(η) · c(ξ/ξ). Then clearly [ν] ∈ UA,c(W), and we are done. �

Here is an alternate description of the setΥA(W), in the case whenW is an algebraic subgroup
of T, translated by an elementη ∈ T, not necessarily of finite order.

Theorem 8.8. Let ξ ≤ H be a subgroup, and letη ∈ Ĥ. Then

ΥA(ηV(ξ)) = σA(ξ) ∩
{
[ν] ∈ Γ(H,A) | η ∈ V(ker(ν) ∩ ξ)

}
.

In particular,ΥA(V(ξ)) = σA(ξ).

Proof. By Proposition5.2, we have

{[ν] | dim(V(ker(ν)) ∩ ηV(ξ)) > 0}

= {[ν] | V(ker(ν)) ∩ ηV(ξ) , ∅} ∩ {[ν] | rank(ker(ν) + ξ) < rankH}.

Moreover,V(ker(ν)) ∩ ηV(ξ) , ∅ ⇐⇒ η ∈ V(ker(ν) ∩ ξ), and we are done. �

Remark 8.9. In the case whenA is a free abelian group of rankr andξ is a primitive subgroup
of H = Zn, the setΥA(ηV(ξ)) coincides with the setσr (ξ, η) defined in [14].
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When the translation factorη from Theorem8.8has finite order, a bit more can be said.

Corollary 8.10. Let W= ηV(ξ) be a torsion-translated subgroup of T . Then

ΥA(W) = σA(ξ) ∩
{
[ν] ∈ Γ(H,A) | ǫ(〈η〉) ⊇ ker(ν) ∩ ξ

}
.

8.4. Deleted subgroups.We now analyze in more detail the case when the varietyW is ob-
tained from an algebraic subgroup ofT by deleting its identity component. First, we need to
introduce one more bit of notation.

Definition 8.11. Given a subgroupξ ≤ H, and a quotientA of H, consider the subsetθA(ξ) ⊆
Γ(H,A) given by

(46) θA(ξ) =
⋃

ξ≤ξ′�ξ : ξ/ξ′ is cyclic

{
[ν] ∈ Γ(H,A) | ν(x) , 0 for all x ∈ ξ \ ξ′

}
.

Note that the indexing set for this union is a finite set, whichis empty ifξ is primitive. On the
other hand, the condition thatν(x) , 0 depends on the actual elementx in the (typically) infinite
setξ \ ξ′, not just on the class ofx in the finite groupξ/ξ′. Thus, even whenA = Zr , the set
θA(ξ) need not be open in the GrassmannianΓ(H,A) = Grr (Qn), wheren = rank(H), although
each of the sets{[ν] | ν(x) , 0} is open.

Proposition 8.12. Suppose W= V(ξ) \ V(ξ), for some non-primitive subgroupξ ≤ H. Then

(47) ΥA(W) = σA(ξ) ∩ θA(ξ).

Proof. Write W =
⋃
η∈ξ̂/ξ\{1}

ηV(ξ). By Theorem8.8and Lemma7.6, we have

ΥA(W) = ΥA

( ⋃

η∈ξ̂/ξ\{1}

ηV(ξ)

)

=

⋃

η∈ξ̂/ξ\{1}

(
σA(ξ) ∩

{
[ν] ∈ Γ(H,A) | η ∈ V(ker(ν) ∩ ξ)

})

= σA(ξ) ∩
⋃

η∈ξ̂/ξ\{1}

{
[ν] ∈ Γ(H,A) | V(ker(ν)) ∩ ηV(ξ) , ∅

}

= σA(ξ) ∩
⋃

ξ≤ξ′�ξ : ξ/ξ′ is cyclic

{
[ν] ∈ Γ(H,A) | ker(ν) ∩ ξ ≤ ξ′

}
.

The desired conclusion follows at once. �

8.5. Comparing the setsΥA(W) andΥA(W). Fix a decompositionA = A⊕ Tors(A). Clearly,
the projection mapq = qA : Γ(H,A)→ Γ(H,A) sendsΥA(W)c toΥA(W)c. On the other hand, as
we shall see in Example10.8, the mapq doesnot always sendΥA(W) toΥA(W). Nevertheless,
in some special cases it does. Here is one such situation.

Proposition 8.13. Suppose W= ρT, where T⊂ Ĥ is an algebraic subgroup, and̄ρ ∈ Ĥ/T has
finite order, coprime to the order ofTors(A). Then

q(ΥA(W)) = ΥA(W) and q−1(ΥA(W)) = ΥA(W).

Therefore,ΥA(W) fibers overΥA(W), with each fiber isomorphic toΓ(H/A,A/A).

Here,ρ̄ is the image ofρ under the quotient map̂H → Ĥ/T.
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Proof. Let ν : H ։ A be an epimorphism such that [¯ν] = q([ν]) does not belong toΥA(W), that
is, the subtorus im(ˆ̄ν) = im(ν̂)1 intersectsW in only finitely many points. We want to show that
im(ν̂)α ∩W is also finite, for allα ∈ Tors(A).

First assume im(ˆν)1
⋂

W is non-empty. If im(ˆν)α
⋂

W = ∅, we are done. Otherwise, using
Proposition5.3(i) with C = im(ν̂)1, α1 = 1, α2 = α andηV = ρT, we infer that dim (im(ˆν)α ∩
ρT) = dim (im(ν̂)1 ∩ ρT), and the desired conclusion follows.

Now assume im(ˆν)1
⋂

W is empty. Using Proposition5.3(ii ) with C = im(ν̂)1 andηV =
ρT, our assumption that im(ˆν)1

⋂
ρT = ∅ implies that im(ˆν)α

⋂
ρT = ∅. Thus, the desired

conclusion follows in this case, too, and we are done. �

Corollary 8.14. For every subgroupξ ≤ H, the set q(ΥA(V(ξ))) is contained inΥA(V(ξ)).

In general, though, the projection mapq: Γ(H,A) → Γ(H,A) does not restrict to a map
ΥA(W) → ΥA(W). Proposition8.16below describes a situation when this happens. First, we
need a lemma, whose proof is similar to the proof of Proposition4.9.

Lemma 8.15. Letπ : A։ B be an epimorphism, and letπ̃ : Γ(H,A)։ Γ(H, B) be the induced
homomorphism. Then

qA(ΥA(W)) ⊆ ΥA(W) =⇒ qB(ΥB(W)) ⊆ ΥB(W).

Proposition 8.16. Let H be a finitely generated, free abelian group, and let A be aquotient of
H such thatrankA < rankH. Let W be a subvariety of̂H of the formρT ∪ Z, where Z is a
finite set, T is an algebraic subgroup, andρ is a torsion element whose order divides c(A). Then
q
(
ΥA(W)

)
" ΥA(W).

Proof. We need to construct an epimorphismν : H ։ A such that [ν] ∈ ΥA(W), yet [ν̄] <
ΥA(W).

Step 1. First, we assume Tors(A) is a cyclic group. In this case, we claim there exists a
subtorusC of Ĥ, and a torsion elementα ∈ Ĥ, such that ordα = ordρ and dim(C ∩ ρT) ≤ 0,
yet dim(αC ∩ ρT) > 0.

To prove the claim, setǫ(〈ρ〉) = L andξ = ǫ(T). Sinceρ < T, we have thatξ * L. Thus,
there exist a sublatticeχ of rank 1, such thatχ ⊆ ξ andχ * L. SetT′ = V(χ). ThenT′ is a
codimension 1 subgroup withT ⊆ T′ ⊂ Ĥ, andρ < T′. Thus,T0 ⊆ T′0 ⊂ Ĥ. Let C be any
dimensionr subtorus ofT′0 intersectingT with positive dimension. Thenρ < CT ⊆ T′ and

dim(C∩ T) > 0. Choose an elementα ∈ Ĥ such thatα−1ρ = 1 ∈ CT. Clearly, ord(α) = ord(ρ) |
c(A). Using Corollary5.4, we conclude thatC ∩ ρT = ∅ and dim(αC ∩ ρT) > 0, thus finishing
the proof of the claim.

Now, the algebraic subgroup
⋃

k α
kC corresponds to an epimorphismH ։ A ⊕ Zd, where

d = ord(α). SinceH is torsion-free, Tors(A) is cyclic, andd dividesc(A), this epimorphism can
be lifted to an epimorphismν : H ։ A.

Step 2. For the general case, letB be the cyclic subgroup of Tors(A) for which |B| = c(A)
and ord(ρ) | |B|. Notice thatB is a direct summand of Tors(A). We then have the following
commuting diagram:

Γ(H/A, B) // Γ(H,A⊕ B)
qA⊕B // Γ(H,A)

Γ(H/A,Tors(A))

π1

OO

// Γ(H,A)

π2

OO

qA // Γ(H,A)
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SinceH/A is torsion-free, the group Aut(H/A) acts transitively onΓ(H/A, B). Using the
assumption thatΓ(H/A,Tors(A)) , ∅, we deduce that the mapπ1 is surjective. Thus, the mapπ2

is surjective. From Step 1, we know thatq
(
ΥA⊕B(W)

)
is not contained inΥA(W). Using Lemma

8.15, we conclude thatq
(
ΥA(W)

)
is not contained inΥA(W), either. �

9. Support varieties for homology modules

We now switch gears, and revisit the Dwyer–Fried theory in a slightly more general context.
In particular, we show that the support varieties of the homology modules of two related chain
complexes coincide.

9.1. Support varieties. Let H be a finitely generated abelian group, and letF be a finitely
generatedC-algebra. Then the group ringR = F[H] is a Noetherian ring. Let maxSpec(R) be
the set of maximal ideals inR, endowed with the Zariski topology.

Given a moduleM over F[H], denote by suppM its support, consisting of those maximal
idealsm ∈ maxSpec(F[H]) for which the localizationMm is non-zero.

Now let A be another finitely generated abelian group, and letν : H ։ A be an epimorphism.
Denote byS = F[A] the group ring ofA. The extension ofν to group rings,ν : R ։ S, is a
ring epimorphism. Letν∗ : maxSpec(S) →֒ maxSpec(R) be the induced morphism between the
corresponding affine varieties.

In the case whenF = C, the group ringR = C[H] is the coordinate ring of the algebraic
groupĤ = Hom(G,C∗), and maxSpec(R) = Ĥ. Furthermore, ifM is anR-module, then

(48) supp(M) = Z(annM),

where annM ⊂ R is the annihilator ofM, andZ(annM) ⊂ Ĥ is its zero-locus.

Lemma 9.1. If ν : H ։ A is an epimorphism, then

(49) (ν∗)−1(supp(M)) � im(ν̂) ∩ Z(annM).

Proof. From the definitions, we see that the diagram

(50) maxSpec(S) �
� ν∗ //

�

��

maxSpec(R)

�

��
Â � � ν̂ // Ĥ

commutes. The conclusion readily follows. �

9.2. Homology modules. We are now ready to state and prove the main result of this section.
An abbreviated proof was given by Dwyer and Fried in [6], in the special case whenA is free
abelian. For the convenience of the reader, we give here a complete proof, modeled on the one
from [6].

Theorem 9.2. Let F be a finitely generatedC−algebra, let C• be a chain complex of finitely
generated free modules over F[H], and letν : H ։ A be an epimorphism. Viewing F[A] as a
module over F[H] by extension of scalars viaν, we have

(51) suppH∗(C• ⊗F[H] F[A]) = (ν∗)−1(suppH∗(C•)
)
.
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Proof. Setn = rankH andr = rankA. There are three cases to consider.

Case 1: H is torsion-free. We use induction onn − r to reduce to the caser = n − 1, in
which case Tors(A) = Zq, for someq ≥ 1 (if A is torsion-free,q = 1). We then have a short
exact sequence of chain complexes,

0 // C•
φ=xq−1 // C• // C• ⊗F[H] F[A] // 0 ,

which yields a long exact sequence of homology groups. Consider the mapφ∗ : M → M, where
M = H∗(C•), viewed as a module overF[H]. Localizing at a maximal idealm, we obtain an
endomorphismφm of the finitely-generated moduleMm over the Noetherian ringF[H]m.

As a standard fact, ifφm is surjective, thenφm is injective. Using the exact sequence

0→ kerφm → Mm → Mm → cokerφm → 0,

we see that cokerφm = 0⇒ kerφm = 0. Therefore, supp kerφ∗ ⊆ supp cokerφ∗, and so

suppH∗(C• ⊗F[H] F[A]) = supp cokerφ∗ ∪ supp kerφ∗
= supp cokerφ∗
= suppM/(xq − 1)M

= (suppM) ∩ Z(xq − 1)

= (suppM) ∩ im(ν̂).

Whenn− r > 1, one can change the basis ofH andA so that, the epimorphismν : H → A is
the composite

H′ ⊕ Z
ν1 // // H′ ⊕ Zq

ν2 // // A′ ⊕ Zq ,

whereν1 is of the form
(

id 0
0 ν|Z

)
, andν2 is of the form

(
ν|H′ 0
0 id

)
. By the induction hypothesis,

equality (51) holds forν1 andν2. Thus, the theorem holds for the mapν = ν2 ◦ ν1.

Case 2:H is finite. In this situation,ν : H ։ A is an epimorphism between two finite abelian
groups. As above,ν induces a ring epimorphismν : F[H] ։ F[A]. The corresponding map,
i = ν∗ : maxSpecF[A] →֒ maxSpecF[H], is a closed immersion. Consider the commuting
diagram

(52) maxSpecF[A] �
� i //

��

maxSpecF[H]

��
maxSpecC[A] �

� j // maxSpecC[H],

where the morphismj is induced byν : H ։ A. Clearly, j is an open immersion. By commuta-
tivity of (52), we have that maxSpecF[A] is an open subset of maxSpecF[H].

It suffices to show that

(53) supp(Hk(i∗C̃•)) = i−1(suppHk(C̃•))

for any k ∈ Z, whereC̃• is the sheaf of modules over maxSpec(F[H]) corresponding to the
moduleC• overF[H], andi∗C̃• is the sheaf of modules over maxSpec(F[A]) obtained by pulling
back the sheaf̃C•.
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For anym ∈ maxSpec(F[A]), we have (Hk(C̃•))m = Hk((C̃•)m), since localization is an exact
functor, and also (̃C•)m = (i∗C̃•)m, sincei is an open immersion. Thus,

suppHk(i∗C̃•) = {m ∈ maxSpec(F[A]) | (Hk(i∗C̃•))m , 0}

= {m ∈ maxSpec(F[A]) | (i∗C̃•)m is not exact atk}

= {m ∈ maxSpec(F[A]) | (Hk(C̃•))m , 0}

= suppHk(C̃•) ∩maxSpec(F[A])

= i−1(suppHk(C̃•)).

Case 3: H is arbitrary. As in the proof of Theorem3.2, we can choose splittingsH =
H ⊕ Tors(H) andA = A⊕ Tors(A) such thatH = A⊕ H′, and the epimorphismν : H ։ A is the
composite

A⊕ H′ ⊕ Tors(H)
ν1 // // A⊕ ν(H′) ⊕ Tors(H)

ν2 // // A⊕ Tors(A) ,

whereν(H′) is finite, ν1 is of the form
(

id 0 0
0 ν|H′ 0
0 0 id

)
, and ν2 is of the form

(
id 0 0
0 i ν|Tors(H)

)
, with

i : ν(H′) →֒ Tors(A) the inclusion map.
SetF = C[A⊕ Tors(H)]; by Case 1, equality (51) holds forν1. Now setF = C[A]; by Case

2, equality (51) holds forν2. Thus, the theorem holds for the mapν = ν2 ◦ ν1. �

9.3. Finite supports. We conclude this section with a result which is presumably folklore. For
completeness, we include a proof.

Proposition 9.3. Let A be a finitely generated abelian group, and let M be a finitely generated
module over the group ring S= C[A]. Then M as aC-vector space is finite-dimensional if and
only if supp(M) is finite.

Proof. SinceM is a finitely generatedS-module, we can argue by induction on the number
of generators ofM. Using the short exact sequence 0→ 〈m〉 → M → M/〈m〉 → 0, where
m is a generator ofM, and the fact that supp(M) = supp(〈m〉) ∪ supp(M/〈m〉), we see that it
suffices to consider the case whenM is a cyclic module. In this case,M = S/ ann(M) and
supp(M) = Z(ann(M)) = maxSpec(S/ ann(M)). From the assumption that suppM is finite, and
using the Noether Normalization lemma, we infer thatS/ ann(M) is an integral extension ofC.
Thus, dimC(S/ ann(M)) < ∞.

Conversely, suppose supp(M) is infinite. Then maxSpec(S/ ann(M)) is infinite, which im-
plies maxSpec(S/ ann(M)) has positive dimension. Choose a prime idealp containing ann(M),
such that the Krull dimension ofS/p is positive. From the condition that dimC S/ ann(M) < ∞,
we deduce that dimC S/p < ∞. By the Noether Normalization lemma,S/p is an integral exten-
sion ofC[x1, . . . , xn], with n > 0. Thus, dimC S/p = ∞. This is a contradiction, and so we are
done. �

10. Characteristic varieties and generalized Dwyer–Fried sets

In this section, we finally tie together several strands, andshow how to determine the sets
Ω

i
A(X) in terms of the jump loci for homology in rank 1 local systemson X.
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10.1. The equivariant chain complex. Let X be a connected CW-complex. As usual, we will
assume thatX has finitek-skeleton, for somek ≥ 1. Without loss of generality, we may assume
thatX has a single 0-celle0, which we will take as our basepointx0. Moreover, we may assume
that all attaching maps (Si, ∗) → (Xi , x0) are basepoint-preserving. LetG = π1(X, x0) be the
fundamental group ofX, and denote by (Ci(X,C), ∂i)i≥0 the cellular chain complex ofX, with
coefficients inC.

Let p: Xab → X be the universal abelian cover. The cell structure onX lifts in a natural
fashion to a cell structure onXab. Fixing a lift x̃0 ∈ p−1(x0) identifies the groupH = Gab with
the group of deck transformations ofXab, which permute the cells. Therefore, we may view
the cellular chain complexC• = C•(Xab,C) as a chain complex of left-modules over the group
algebraR= C[H]. This chain complex has the form

(54) · · · // Ci
∂̃i // Ci−1

// · · · // C2
∂̃2 // C1

∂̃1 // C0 ,

The first two boundary maps can be written down explicitly. Let e1
1, . . . , e

1
m be the 1-cells of

X. Since we have a single 0-cell, eache1
i is a loop, representing an elementxi ∈ G. Let ẽ0

= x̃0,
and letẽ1

i be the lift ofe1
i at x̃0; then∂̃1(ẽ1

i ) = (xi − 1)ẽ0. Next, lete2 be a 2-cell, and let ˜e2 be its
lift at x̃0; then

(55) ∂̃2(ẽ
2) =

m∑

i=1

φ
(
∂r/∂xi

)
· ẽ1

i ,

wherer is the word in the free groupFm = 〈x1, . . . , xm〉 determined by the attaching map of the
2-cell,∂r/∂xi ∈ C[Fm] are the Fox derivatives ofr, andφ : C[Fm] → C[H] is the extension to

group rings of the projection mapFm→ G
ab
−→ H, see [7].

10.2. Characteristic varieties. Since X has finite 1-skeleton, the groupH = H1(X,Z) is
finitely generated, and its dual,̂H = Hom(H,C∗), is a complex algebraic group. As is well-
known, the character group̂H parametrizes rank 1 local systems onX: given a character
ρ : H → C∗, denote byCρ the 1-dimensionalC-vector space, viewed as a rightR-module via
a · g = ρ(g)a, for g ∈ H anda ∈ C. The homology groups ofX with coefficients inCρ are then
defined as

(56) Hi(X,Cρ) := Hi
(
C•(Xab,C) ⊗RCρ

)
.

Definition 10.1. Thecharacteristic varietiesof X (overC) are the sets

Vi(X) =
{
ρ ∈ Hom(H,C∗) | dimC H j(X,Cρ) , 0 for some 1≤ j ≤ i

}
,

The identity component of the character groupT = Ĥ is a complex algebraic torus, which
we will denote byT0. Let H = H/Tors(H) be the maximal torsion-free quotient ofH. The

projection mapπ : H ։ H induces an identification ˆπ : Ĥ
≃ // Ĥ0. Denote byWi(X) the inter-

section ofVi(X) with T0 = Ĥ0. If H is torsion-free, thenWi(X) = Vi(X); in general, though, the
two varieties differ.

For each 1≤ i ≤ k, the setVi(X) is a Zariski closed subset of the complex algebraic group
T, andWi(X) is a Zariski closed subset of the complex algebraic torusT0. Up to isomorphism,
these varieties depend only on the homotopy type ofX. Consequently, we may define the
characteristic varieties of a groupG admitting a classifying spaceK(G, 1) with finitek-skeleton
asVi(G) = Vi(K(G, 1)), for i ≤ k. It is readily seen thatV1(X) = V1(π1(X)). For more details
on all this, we refer to [14].
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The characteristic varieties of a space can be reinterpreted as the support varieties of its
Alexander invariants, as follows.

Theorem 10.2([13]). For each1 ≤ i ≤ k, the characteristic variety Vi(X) coincides with the
support of theC[H]-module

⊕i
j=1 H j(Xab,C), while Wi(X) coincides with the support of the

C[H]-module
⊕i

j=1 H j(Xfab,C).

10.3. The first characteristic variety of a group. Let G be a finitely presented group. The
chain complex (54) corresponding to a presentationG = 〈x1, . . . , xq | r1, . . . , rm〉 has second
boundary map,̃∂2, anmby q matrix, with rows given by (55). Making use of Theorem10.2, we
see thatV1(G) is defined by the vanishing of the codimension 1 minors of theAlexander matrix
∂̃2, at least away from the trivial character 1. This interpretation allows us to construct groups
with fairly complicated characteristic varieties.

Lemma 10.3. Let f = f (t1, . . . , tn) be a Laurent polynomial with integral coefficients. There is
then a finitely presented group G with Gab = Z

n and V1(G) = {z ∈ (C∗)n | f (z) = 0} ∪ {1}.

Proof. Let Fn = 〈x1, . . . , xn〉 be the free group of rankn, with abelianization map ab:Fn→ Z
n,

xk 7→ tk. Recall the following result of R. Lyndon (as recorded in [7]): if v1, . . . , vn are elements
in the ringZ[Zn] = Z[t±1

1 , . . . , t
±1
n ], satisfying the equation

∑n
k=1(tk − 1)vk = 0, then there exists

an elementr ∈ F′n such thatvk = ab(∂r/∂xk), for 1 ≤ k ≤ n.
Making use of this result, we may find elementsr i, j ∈ F′n, 1≤ i < j ≤ n such that

ab(∂r i, j/∂xk) =



f · (ti − 1), if k = i

f · (1− t j), if k = j

0, otherwise.

It is now readily checked that the groupG with generatorsx1, . . . , xn and relationsr i j has the
prescribed first characteristic variety. �

In certain situations, one may realize a Laurent polynomialas the defining equation for the
characteristic variety by a more geometric construction.

Example 10.4.Let L be ann-component link inS3, with complementX. Choosing orientations
on the link components yields a meridian basis forH1(X,Z) = Zn. Then

(57) V1(X) = {z ∈ (C∗)n | ∆L(z) = 0} ∪ {1},

where∆L = ∆L(t1, . . . , tn) is the (multi-variable) Alexander polynomial of the link.

10.4. A formula for the generalized Dwyer–Fried sets.Recall that, in Definition8.5 we
associated to each subvarietyW ⊂ Ĥ, and each abelian groupA a subset

(58) ΥA(W) =
{
[ν] ∈ Γ(H,A) | dim(im(ν̂) ∩W) > 0

}
.

The next theorem expresses the Dwyer–Fried setsΩ
i
A(X) in terms of theΥ-sets associated to the

i-th characteristic variety ofX.

Theorem 10.5. Let X be a connected CW-complex, with finite k-skeleton. Set G= π1(X, x0)
and H= Gab. For any abelian group A, and for any i≤ k,

Ω
i
A(X) = Γ(H,A) \ ΥA(Vi(X)).
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Proof. Fix an epimorphismν : H ։ A, and letXν → X be the corresponding cover. Recall
the cellular chain complexC• = C•(Xab,C) is a chain complex of left modules over the ring
R= C[H]. If we setS = C[A], the cellular chain complexC•(Xν,C) can be written asC• ⊗R S,
whereS is viewed as a rightR-module via extension of scalars byν.

Consider theS-module

M =
i⊕

j=1

H j(Xν,C) =
i⊕

j=1

H j(C• ⊗R S).

By definition, [ν] belongs toΩi
A(X) if and only if the Betti numbersb1(Xν), . . . , bi(Xν) are all

finite, i.e., dimC M < ∞. By Proposition9.3, this condition is equivalent to suppM being finite.
Now letν∗ : maxSpec(S) →֒ maxSpec(R) be the induced morphism between the correspond-

ing affine schemes. We then have

suppM = (ν∗)−1 supp
( i⊕

j=1

H j(C•)
)

by Theorem9.2

� im(ν̂) ∩ Z
(
ann

( i⊕

j=1

H j(Xab,C)
))

by Lemma9.1

= im(ν̂) ∩ Vi(X) by Theorem10.2.

This ends the proof. �

Remark 10.6. If H is torsion-free, thenWi(X) = Vi(X); thus, the setΩi
A(X) depends only the

varietyWi(X) and the abelian groupA. On the other hand, if Tors(H) , 0, the varietyWi(X)
may be strictly included inVi(X), in which case the setΩi

A(X) may depend on information not
carried byWi(X). We shall see examples of this phenomenon in§11.3.

10.5. An upper bound for the Ω-sets. We now give a computable “upper bound” for the
generalized Dwyer-Fried setsΩi

A(X), in terms of the sets introduced in§8.1.

Theorem 10.7. Let X be a connected CW-complex with finite k-skeleton. Set H= H1(X,Z),
and fix a degree i≤ k. Let A be a quotient of H. Then

(59) Ω
i
A(X) ⊆ Γ(H,A) \ UA(Vi(X)).

Proof. Follows at once from Proposition8.6and Theorem10.5. �

In general, inclusion (59) is not an equality. Indeed, the fact thatV(kerν) ∩ Vi(X) is infinite
cannot guarantee there is an algebraic subgroup in the intersection. Here is a concrete instance
of this phenomenon.

Example 10.8.Using Lemma10.3, we may find a 3-generator, 3-relator groupG with abelian-
izationH = Z3 and characteristic variety

V1(G) =
{
(t1, t2, t3) ∈ (C∗)3 | (t2 − 1) = (t1 + 1)(t3 − 1)

}
.

This variety has a single irreducible component, which is a complex torus passing through the
origin; nevertheless, this component does not embed as an algebraic subgroup in (C∗)3.

There are 4 maximal, positive-dimensional torsion-translated subtori contained inV1(G),
namelyη1V(ξ1), . . . , η4V(ξ4), whereξ1, . . . , ξ4 are the subgroups ofZ3 given by

ξ1 = im
(

2 0
0 1
0 0

)
, ξ2 = im

(
0 0
1 0
0 1

)
, ξ3 = im

(
2 −1
−1 0
0 1

)
, ξ4 = im

(
2 −2
−1 0
0 2

)
,
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andη1 = (−1, 1, 1),η2 = η3 = (1, 1, 1),η4 = (−1, 1,−1).
We claim that, forA = Z2 ⊕ Z2, inclusion (59) from Theorem10.7is strict, i.e.,

Ω
1
A(G) $ Γ(H,A) \ UA(V1(G)).

To prove this claim, consider the epimorphismν : Z3։ Z2 ⊕ Z2 given by the matrix
(

1 0 0
0 0 1
0 1 0

)
.

Note that ker(ν) = im
(

0
2
0

)
, and so im(ˆν) = {t ∈ (C∗)3 | t2 = ±1}. The intersection of im(ˆν) with

V1(G) consists of all points of the form (t1,±1, t3) with (t1+ 1)(t3− 1) equal to 0 or−2. Clearly,
this is an infinite set; therefore, [ν] < Ω1

A(G).
On the other hand, im(ˆν) ∩ η1V(ξ1) = im(ν̂) ∩ η2V(ξ2) = ∅, and rank(ker(ν) + ξ3) =

rank(ker(ν) + ξ4) = rank(H). Hence, im(ˆν) ∩ η jV(ξ j) is finite, for all j. In view of Lemma
8.2, we conclude that [ν] < UA(V1(G)).

11. Comparison with the classical Dwyer–Fried invariants

11.1. The Dwyer–Fried invariants Ωi
r (X). In the case of free abelian covers and the usual

Ω-sets, Theorem10.5allows us to recover the following result from [6], [13], [14].

Corollary 11.1. Set n= b1(X). Then, for all r≥ 1,

Ω
i
r (X) =

{
[ν] ∈ Grr (Zn) | im(ν̂) ∩Wi(X) is finite

}
.

Using now the identification from Example7.3, and taking into account Lemma6.5, Theo-
rem10.7yields the following corollary.

Corollary 11.2 ([13, 14]). Let X be a connected CW-complex with finite k-skeleton, and set
n = b1(X). ThenΩi

r (X) ⊆ QPn−1 \ P(τ1(Wi(X))), for all i ≤ k and all r≤ n.

Remark 11.3. As noted in [14], if the varietyWi(X) is a union of algebraic subtori, then the
Dwyer–Fried setsΩi

r (X) are open subsets of Grr (Zn), for all r ≥ 1. In general, though, examples
from [6], [14] show that the setsΩi

r (X) with r > 1 need not be open. On the other hand, as noted
in [6, 13, 14], the setsΩi

1(X) are always open subsets of Gr1(Zn) = QPn−1. We will come back
to this phenomenon in§12, in a more general context.

11.2. The comparison diagram, revisited. As may be expected, the generalized Dwyer–Fried
invariants carry more information about the homotopy type of a space and the homological
finiteness properties of its regular abelian covers than theclassical ones. To make this more
precise, letA be a quotient of the groupH = H1(X,Z). Fix a decompositionA = A⊕ Tors(A),
and identifyΩi

r (X) = Ωi
A
(X), wherer = rank(A). As we saw in§4.4, for eachi ≤ k we have a

comparison diagram

(60) Ω
i
A(X) �

� //

q|
Ω

i
A(X)

��

Γ(H,A)

q

��
Ω

i
r (X) �

� // Γ(H,A)

between the respective Dwyer–Fried invariants, viewed as subsets of the parameter sets for
regularA-covers andA-covers, respectively.

We are interested in describing conditions under which the setΩi
A(X) contains more infor-

mation thanΩi
r (X). This typically happens when the comparison diagram (60) is not a pull-back



32 A. SUCIU, Y. YANG, AND G. ZHAO

diagram, i.e., there is a point [¯ν] ∈ Ωi
r (X) for which the fiberq−1([ν̄]) is not included inΩi

A(X).
In fact, the number of points in the fiber which lie inΩi

A(X) may vary as we move aboutΩi
r (X).

In view of Theorem10.5, we have the following criterion.

Proposition 11.4. Diagram (60) fails to be a pull-back diagram if and only if q(ΥA(Vi(X)) is
not included inΥr (Vi(X), i.e., there is an epimorphismν : H ։ A such that

dim(im ν̂ ∩ Vi(X)) > 0, yet dim(im ˆ̄ν ∩ Vi(X)) = 0.

From Proposition4.10, we know diagram (60) is a pull-back diagram precisely when the
homological finiteness of an arbitraryA-cover of X can be tested through the corresponding
A-cover. In order to quantify the discrepancy between these two types of homological finiteness
properties, let us define the “singular set”

(61) Σ
i
A(X) =

{
[ν̄] ∈ Ωi

A
(X) | #(q−1([ν̄]) ∩Ωi

A(X)) < #(q−1([ν̄]))
}
.

We then have:

(62) Σ
i
A(X) = q

(
Ω

i
A(X)c

)
∩ Ωi

A
(X).

11.3. Maximal abelian versus free abelian covers.We now investigate the relationship be-
tween the finiteness of the Betti numbers of the maximal abelian coverXab and the finiteness of
the Betti numbers of the corresponding free abelian coverXfab of our spaceX.

As before, writeH = H1(X,Z) and identify the character group̂H with (C∗)n × Tors(H),
wheren = b1(X).

Proposition 11.5. SupposeTors(H) , 0. Furthermore, assume that Wi(X) is finite, whereas
Vi(X) =Wi(X) ∪ (Ĥ \ Ĥ0). Then

(i) Ωi
r (X) = Grr (Zn), for all r ≥ 1.

(ii) If rank(A) = rank(H) andTors(A) , 0, thenΩi
A(X) = ∅.

Proof. By Theorem10.5, an element [ν] ∈ Grr (Zn) belongs toΩi
r(X) if and only if im(ν̂)∩Wi(X)

is finite. By assumption,Wi(X) is finite; thus, the intersection im(ˆν) ∩Wi(X) is also finite. This
proves (i).

Again by Theorem10.5, an element [ν] ∈ Γ(H,A) belongs toΩi
A(X) if and only if im(ν̂) ∩

Vi(X) is finite. By assumption,Vi(X) = Wi(X) ∪ (Ĥ \ Ĥ0); moreover, rank(A) = rank(H) and
Tors(A) , 0. Thus, the intersection im(ˆν) ∩ Vi(X) contains at least one component ofĤ \ Ĥ0,
which is infinite. This proves (ii ). �

A similar argument yields the following result.

Proposition 11.6. Suppose H1(X,Z) has non-trivial torsion, W1(X) is finite, and V1(X) is infi-
nite. Then b1(Xfab) < ∞, yet b1(Xab) = ∞.

Proposition 11.7. Suppose X= X1 ∨ X2, where H1(X1,Z) is free abelian and non-trivial, and
H1(X2,Z) is finite and non-trivial. If V1(X1) is finite, then b1(Xfab) < ∞, yet b1(Xab) = ∞.

Proof. Let H = H1(X,Z); thenH = H1(X1,Z) , 0 and Tors(H) = H1(X2,Z) , 0. Thus, the
character group̂H decomposes aŝH0 × Tors(H), with both factors non-trivial.

Now, W1(X) = V1(X1) × {1} is finite, and thusΩ1
H

(X) is a singleton. On the other hand,

V1(X) =W1(X) ∪ Ĥ0 × (Tors(H) \ {1}) is infinite, and thusΩ1
H(X) = ∅. �
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Example 11.8.Consider the CW-complexesX = S1∨RP2 andY = S1×RP2. ThenH1(X,Z) �
H1(Y,Z) � Z×Z2. Clearly, the free abelian coversXfab andYfab are rationally acyclic; thus both
Ω

i
1(X) andΩi

1(Y) consist of a single point, for alli ≥ 0. On the other hand, the free abelian
coverXab has the homotopy type of a countable wedge ofS1’s andRP2’s, whereasYab ≃ S2.
Therefore,Ω1

Z⊕Z2
(X) = ∅, whileΩ1

Z⊕Z2
(Y) = {point}.

This example shows that the generalized Dwyer–Fried invariantsΩi
A(X) may contain more

information than the classical ones.

12. The rank 1 case

In this section, we discuss in more detail the invariantsΩi
A(X) in the case whenA has rank 1,

and push the analysis even further in some particularly simple situations.

12.1. A simplified formula for Ωi
A(X). Recall that, for a finitely generated abelian groupA, the

integerc(A) denotes the largest order of an element inA. Recall also that, for every subvariety
W ⊂ Ĥ and each indexd ≥ 1, we have a subsetUA,d(W) ⊂ Γ(H,A), described geometrically in
Lemma8.2.

Theorem 12.1. Let X be a connected CW-complex with finite k-skeleton. Set H= H1(X,Z),
and fix a degree i≤ k. If rank(A) = 1, then

(63) Ω
i
A(X) = Γ(H,A) \ UA,c(A)(Vi(X)).

Proof. The inclusion⊆ follows from Theorem10.7, so we only need to prove the opposite
inclusion.

Let ν : H ։ A be an epimorphism such that [ν] < Ωi
A(X). By Theorem10.5, the variety

im ν̂ ∩ Vi(X) has positive dimension. Since rank(A) = 1, there exists a component of the 1-
dimensional algebraic subgroup im ˆν contained inVi(X); that is, there exists a characterρ ∈
̂Tors(A) such that

ν̂(ρ) · im ˆ̄ν ⊆ Vi(X).

Now, we may find a primitive subgroupχ ≤ H and a torsion characterη ∈ Ĥ such that
ηV(χ) = ν̂(ρ)V(χ) is a maximal translated subtorus inVi(X) which contains ˆν(ρ) · im ˆ̄ν. Set

ξ = ǫ
( ⋃

m≥1

ηmV(χ)
)
.

Clearly, the subgroupξ ≤ H belongs toΞd(Vi(X)), whered := ord(ρ) dividesc(A). Since
ν̂(ρ)V(χ) ⊇ ν̂(ρ) ·V(ker(ν̄)), we must also haveV(χ) ⊇ V(ker(ν̄)), and so [ν] ∈ UA(ξ). Therefore,
[ν] ∈ UA,c(A)(Vi(X)), and we are done. �

Corollary 12.2 ([13, 14]). Let X be a connected CW-complex with finite k-skeleton, and set
n = b1(X). ThenΩi

1(X) = QPn−1 \ P(τ1(Wi(X))), for all i ≤ k.

In particular,Ωi
1(X) is an open subset of the projective spaceQPn−1.

12.2. The singular set. Recall from§11.2that we measure the discrepancy between the gen-
eralized Dwyer–Fried invariantΩi

A(X) and its classical counterpart,Ωi
A
(X), by means of the

“singular set,”Σi
A(X) = q

(
Ω

i
A(X)c) ∩ Ωi

A
(X). When the groupA has rank 1, this set can be

expressed more concretely, as follows.

Proposition 12.3. Suppose H is torsion-free, andrank(A) = 1. ThenΣi
A(X) consists of all

[σ] ∈ Γ(H,A) satisfying the following two conditions:
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(i) ker(σ) ⊇ ξ, for someξ ∈ Ξc(A)(Vi(X)), and
(ii) V(ker(σ)) * Vi(X).

Proof. Without loss of generality, we may assume thatΓ(H,A) , ∅. From Theorem12.1, we
know thatΩi

A(X) = Γ(H,A)\U, whereU = UA,c(A)(Vi(X)). It follows thatΣi
A(X) = q(U)∩Ωi

1(X).
Now let S be the set of all [σ] ∈ Γ(H,A) satisfying conditions (i) and (ii ). It suffices to show

thatq(U) ∩Ωi
1(X) = S.

The inclusionS ⊇ q(U) ∩ Ωi
1(X) is straightforward. To establish the reverse inclusion,

let σ : H ։ Z represent an element inS. Condition (ii ) implies that [σ] ∈ Ωi
1(X). Recall

that π : A → A is the natural projection. To prove that [σ] ∈ q(U), it is enough to find an
epimorphismν : H ։ A such thatπ ◦ ν = σ andV(ker(ν)) ∩ ηV(ξ) , ∅, whereη is a generator

of ξ̂/ξ.
Setd := ord(η). Writing A = Zd1 ⊕ · · · ⊕ Zdk, with d1 |d2 | · · · |dk, we have thatd |dk. Denote

by ι the embedding of the cyclic group〈η〉 into Ĥ. Under the correspondence from (25), there
is a map ˇι : H ։ Zd; clearly, this map factors as the composite

H
f1 // Zn−1 ⊕ Z

id⊕κ1// // Zn−1 ⊕ Zdk

(0 κ2) // // Zd ,

for some isomorphismf1 : H → Zn, whereκ1 andκ2 are the canonical projections.
Recall we are assumingΓ(H,A) , ∅; thus, there is an epimorphismγ : H ։ A. We then have

a commuting diagram

H
γ // //

f2
��

A

����
Zn−1 ⊕ Z

(0 κ1) // // Zdk

for some isomorphismf2 : H → Zn. The compositeν = γ ◦ f −1
2 ◦ f1 : H ։ A, then, is the

required epimorphism. �

As we shall see in Examples12.5and12.6, the singular setΣi
A(X) may be non-empty; in

fact, as we shall see in Example12.7, this set may even be infinite.

12.3. A particular case. Perhaps the simplest situation when such a phenomenon may occur
is the one whenH = Z2 andA = Z ⊕ Z2. In this case, the set

Γ(H/A,A/A) = Epi(Z,Z2)/Aut(Z2)

is a singleton, and so the mapqH : Γ(H,A) → Γ(H,A) is a bijection. In other words, if
H1(X,Z) = Z2, there is a one-to-one correspondence between regularZ ⊕ Z2-covers ofX and
regularZ-covers ofX, both parametrized by the projective lineQP1

= Gr1(Z2). The comparison
diagram, then, takes the form

(64) Ω
i
Z⊕Z2

(X) �
� //

� _

q|
Ω

i
Z⊕Z2

(X)

��

QP1

=

��
Ω

i
1(X) �

� // QP1

Let Vi(X) ⊂ (C∗)2 be thei-th characteristic variety ofX. For each pair (a, b) ∈ Z2, consider
the (translated) subtoriT±a,b = {(t1, t2) ∈ (C∗)2 | ta1tb2 = ±1}.
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Proposition 12.4. Suppose H= Z2 and A= Z ⊕ Z2. Then,

Ω
i
A(X) = {(a, b) ∈ QP1 | T+−b,a ⊂ Vi(X) or T−−b,a ⊂ Vi(X)}c

Ω
i
1(X) = {(a, b) ∈ QP1 | T+−b,a ⊂ Vi(X)}c.

Proof. Let (a, b) ∈ H and letξ ≤ H be the subgroup generated by (−b, a). Thenξ ∈ Ξ1(Vi(X)) if
and only ifξ = ξ andVi(X) contains a component of the formt−b

1 ta2 = 1, whereasξ ∈ Ξ2(Vi(X))
if and only if ξ has index at most 2 inξ andVi(X) contains a component of the formt−b

1 ta2 = ±1.
The conclusions follow from Theorem12.1. �

In particular,Σi
Z⊕Z2

(X) = Ωi
1(X) \ Ωi

Z⊕Z2
(X), and diagram (64) is not a pull-back diagram if

and only ifVi(X) has a component of the formta1tb2 + 1 = 0.
A nice class of examples is provided by 2-components links. Let L = (L1, L2) be such a link,

with complementXL. As we saw in Example10.4, the characteristic varietyV1(XL) consists of
the zero-locus in (C∗)2 of the Alexander polynomial∆L(t1, t2), together with the identity.

Example 12.5. Let L be the 2-component link denoted 42
1 in Rolfsen’s tables, and letXL be its

complement. Then∆L = t1 + t2, and soV1(XL) = {1} ∪ {(t1, t2) ∈ (C∗)2 | t1t−1
2 = −1}. Hence,

Ω
1
1(XL) = QP1, butΩ1

Z⊕Z2
(XL) = QP1\{(1, 1)}.

12.4. Another particular case. The next simplest situation is the one whenH = Z3 andA =
Z ⊕ Z2. In this case, the set

Γ(H/A,A/A) = Epi(Z2,Z2)/Aut(Z2) = (Z2 ⊕ Z2)∗

consists of 3 elements. In other words, ifH1(X,Z) = Z3, there is a three-to-one correspondence
between the regularZ ⊕ Z2-covers ofX and the regularZ-covers ofX.

Example 12.6. Let G be the group from Example10.8. With notation as before, we have that
Ξ1(V1(G)) = {ξ2, ξ3} andΞ2(V1(G)) = {ξ1, ξ2, ξ3, ξ4}. Consequently,P(τ1(V1(G))) = {(1, 0, 0),
(1, 2, 1)}, and soΩ1

1(G) = QP2\{(1, 0, 0), (1, 2, 1)}.
Let A = Z ⊕ Z2. Given an element [ν] ∈ Γ(H,A) such thatker(ν) ⊇ ξ1, we have that

[ν̄] = (0, 0, 1) ∈ Ω1
1(G). Furthermore,q−1([ν̄]) consists of 3 representative classes:ν1 =

(
0 0 1
1 0 0

)
,

ν2 =
(

0 0 1
1 1 0

)
, andν3 =

(
0 0 1
0 1 0

)
. By calculationν1 ∈ U, butν2, ν3 < U. Thus,

Ω
1
A(G) = Γ(H,A) \ {q−1(1, 0, 0), q−1(1, 2, 1), ν1}.

Example 12.7. Consider the group from [14, Example 8.7], with presentation

G = 〈x1, x2, x3 | [x
2
1, x2], [x1, x3], x1[x2, x3]x

−1
1 [x2, x3]〉.

The characteristic varietyV1(G) ⊂ (C∗)3 consists of the origin, together with the translated torus
{(t1, t2, t3) ∈ (C∗)3 | t1 = −1}; hence,Ω1

1(G) = QP2.
Let A = Z ⊕ Z2. The singular setΣ = Σ1

A(G) consists of those points [(0, b, c)] ∈ QP2 with b
andccoprime; thus,Σ � QP1 is infinite. Moreover, the restrictionq: Ω1

A(G)\q−1(Σ)→ Ω1
1(G)\Σ

is three-to-one. On the other hand, if [ν] ∈ q−1(Σ), then eitherν is of the form
(

0 b c
1 ǫ2 ǫ3

)
, in which

case [ν] < Ω1
A(G), or ν is of the form

(
0 b c
0 ǫ2 ǫ3

)
, in which case [ν] ∈ Ω1

A(G). Thus, the restriction

q: Ω1
A(G) ∩ q−1(Σ)→ Σ is one-to-one.
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13. Translated tori in the characteristic varieties

Throughout this section, we assume all irreducible components of the characteristic vari-
eties under consideration are (possibly translated) algebraic subgroups of the character group, a
condition satisfied by large families of spaces.

13.1. A refined formula for the Ω-sets. In Theorem10.5 we gave a general description of
the Dwyer–Freed invariantsΩi

A(X) in terms of the characteristic varietyW = Vi(X), while in
Theorem10.7we gave a upper bound for those invariants, in terms of certain setsΞd(W) and
UA(ξ), introduced in Definitions6.1and7.1, respectively.

We now refine those results in the special case when all components of the characteristic
variety are torsion-translated subgroups of the charactergroup. The next theorem shows that
inclusion (59) from Theorem10.7 holds as equality in this case, with the union of all sets
UA,d(W) with d ≥ 1 replaced by a single constituentUA,c(W), for some integerc depending
only onW (and not onA).

Theorem 13.1. Let X be a connected CW-complex with finite k-skeleton. Set H= H1(X,Z),
and fix a degree i≤ k. Suppose Vi(X) is a union of torsion-translated subgroups ofĤ. There is
then an integer c> 0 such that, for every abelian group A,

(65) Ω
i
A(X) = Γ(H,A) \ UA,c(V

i(X)).

Proof. By assumption,Vi(X) =
⋃s

j=1 η jV(ξ j), for some subgroupsξ j ≤ H and torsion elements

η j ∈ Ĥ. In the special case whens = 1, the required equality is proved in Theorem8.7, with
c = ord(η1) · c(ξ1/ξ1).

The general case follows from a similar argument, withc replaced by the lowest common
multiple of ord(η1) · c(ξ1/ξ1), . . . , ord(ηs) · c(ξs/ξs). �

13.2. Another formula for the Ω-sets. We now present an alternate formula for computing the
setsΩi

A(X) in the case when thei-th characteristic variety ofX is a union of torsion-translated
subgroups of the character group. Although somewhat similar in spirit to Theorem13.1, the
next theorem uses different ingredients to express the answer.

Theorem 13.2. Let X be a connected CW-complex with finite k-skeleton. Suppose there is a
degree i≤ k such that Vi(X) =

⋃s
j=1 η jV(ξ j), whereξ1, . . . , ξs are subgroups of H= H1(X,Z),

andη1, . . . , ηs are torsion elements in̂H. Then, for each abelian group A,

(66) Ω
i
A(X) =

s⋂

j=1

(
σA(ξ j)c ∪

{
[ν] ∈ Γ(H,A) | ǫ(〈η j〉) + ker(ν) ∩ ξ j

})
.

Proof. The result follows from Theorems10.5and8.8, as well as formula (44). �

The simplest situation in which the above theorem applies isthat in which there are no
translation factors in the subgroups comprising the characteristic variety.

Corollary 13.3. Suppose Vi(X) = V(ξ1) ∪ · · · ∪ V(ξs) is a union of algebraic subgroups of̂H.
Then

(67) Ω
i
A(X) = Γ(H,A) \

s⋃

j=1

q−1(σA(ξ j)).

In particular if Xν is a free abelian cover with finite Betti numbers up to degree i, then any finite
regular abelian cover of Xν has the same finiteness property.
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Proof. By Theorem13.2,

(68) Ω
i
A(X) = Γ(H,A) \

s⋃

j=1

σA(ξ j).

Indeed, for eachj we haveη j = 1, and thus{[ν] | ǫ(〈η j〉) + ker(ν) ∩ ξ j} is the empty set.
Applying now Proposition7.4ends the proof. �

13.3. Toric complexes. We illustrate the above corollary with a class of spaces arising in toric
topology. LetL be a simplicial complex withn vertices, and letTn

= S1×· · ·×S1 be then-torus,
with the standard product cell decomposition. Thetoric complexassociated toL, denotedTL, is
the union of all subcomplexes of the form

(69) Tσ = {(x1, . . . , xn) ∈ Tn | xi = ∗ if i < σ},

whereσ runs through the simplices ofL, and∗ is the (unique) 0-cell ofS1. Clearly,TL is a
connected CW-complex, with unique 0-cell corresponding tothe empty simplex∅. The funda-
mental group ofTL is the right-angled Artin group

(70) GL = 〈v ∈ V | vw= wv if {v,w} ∈ E〉,

whereV andE denote the 0-cells and 1-cells ofL. Furthermore, a classifying space forπ1(TL)
is the toric complexT∆(L), where∆(L) is the flag complex associated toL.

Evidently, H1(TL,Z) = Zn; thus, we may identify the character group ofπ1(TL) with the
algebraic torus (C∗)V := (C∗)n. For any subsetW ⊆ V, let (C∗)W ⊆ (C∗)V be the corresponding
subtorus; in particular, (C∗)∅ = {1}. Note that (C∗)W

= V(ξW), whereξW is the sublattice ofZn

spanned by the basis vectors{ei | i < W}. From [12], we have the following description of the
characteristic varieties of our toric complex:

(71) Vi(TL) =
⋃

W

V(ξW),

where the union is taken over all subsetsW ⊆ V for which there is a simplexσ ∈ LV\W and an
index j ≤ i such thatH̃ j−1−|σ|(lkLW (σ),C) , 0. Here,LW denotes the subcomplex induced byL
onW, and lkK(σ) denotes the link of a simplexσ ∈ L in a subcomplexK ⊆ L.

From the above, we see that the assumptions from Corollary13.3are true for the classifying
space of a right-angled Artin group, and, in fact, for any toric complex. Hence, we obtain the
following corollaries.

Corollary 13.4. Let TL be a toric complex. Then,

Ω
i
A(TL) = Γ(H,A) \

⋃

W

q−1(σA(ξW))

where eachσA(ξW) ⊆ Grn−r (Qn) is the special Schubert variety corresponding to the coordinate
planeξW ⊗ Q, and the union is taken over all subsetsW ⊆ V for which there is a simplex
σ ∈ LV\W and an index j≤ i such thatH̃ j−1−|σ|(lkLW (σ),C) , 0.

Corollary 13.5. Let TL be a toric complex. If T̄νL is a free abelian cover with finite Betti numbers
up to some degree i, then all regular, finite abelian covers ofT ν̄L also have finite Betti numbers
up to degree i.
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13.4. When the translation order is coprime to |Tors(A)|. We now return to the general sit-
uation, where the characteristic variety is a union of torsion-translated subgroups. In the next
proposition, we identify a condition on the order of translation of these subgroups, insuring that
diagram (23) is a pull-back diagram.

As usual, letA be a quotient ofH = H1(X,Z), and letA = A/Tors(A) be its maximal torsion-
free quotient. Recall that the canonical projection,q : Γ(H,A) → Γ(H,A), restricts to a map
q|Ωi

A(X) : Ωi
A(X) → Ωi

A
(X), and that resulting commuting square is a pull-back diagram if and

only if Ωi
A(X) is the full pre-image ofq.

Using Proposition8.13and Theorem10.5, we obtain the following consequence.

Proposition 13.6. Suppose the characteristic variety Vi(X) is of the form
⋃

j ρ jT j, where each

T j ⊂ Ĥ is an algebraic subgroup, and each̄ρ j ∈ Ĥ/T j has finite order, coprime to the order of

Tors(A). ThenΩi
A(X) = q−1

(
Ω

i
A
(X)

)
.

Here is an application. As usual, letX be a connected CW-complex with finitek-skeleton.
AssumeH = H1(X,Z) has no torsion, and identify the character torusĤ with (C∗)n, where
n = b1(X).

Corollary 13.7. Suppose that, for some i≤ k, there is an(n − 1)-dimensional subspace L⊆
H1(X;Q) such that Vi(X) = (

⋃
α ραT) ∪ Z, where Z is a finite set, T= exp(L ⊗ C) andρα is a

torsion element in(C∗)n of order coprime to that ofTors(A), for eachα. Let r = rankA. Then,

Ω
i
A(X) =



Γ(H,A), if r = 1;

q−1(Grr (L)), if 1 < r < n;

∅, if r ≥ n.

Proof. From [14, Proposition 8.6], we have that

Ω
i
r (X) =



QPn−1, if r = 1;

Grr (L), if 1 < r < n;

∅, if r ≥ n.

On the other hand, Proposition13.6shows thatΩi
A(X) = q−1(

Ω
i
r (X)

)
, and so the desired conclu-

sion follows. �

13.5. When the translation order divides |Tors(A)|. To conclude this section, we give some
sufficient conditions on the groupsH andA, and on the order of translation of the subgroups
comprisingVi(X), insuring that diagram (23) is not a pull-back diagram.

Proposition8.16and Theorem10.5yield the following immediate application.

Corollary 13.8. Let X be a connected CW-complex with finite k-skeleton. Assume that

(i) The group H= H1(X,Z) is torsion-free, and A is a quotient of H.
(ii) There is a degree i≤ k such that the positive-dimensional components of Vi(X) form a

torsion-translated subgroupρT insideĤ.
(iii) The rank of A is less than the rank of H, andord(ρ) divides c(A).

ThenΩi
A(X) $ q−1

(
Ω

i
A
(X)

)
.

Note that the hypothesis of Corollary13.8 are satisfied in Examples12.5 and 12.7, thus
explaining why, in both cases, diagram (23) is not a pull-back diagram. Here is one more
situation when that happens.
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Corollary 13.9. Suppose Vi(X) = ρ1T1 ∪ · · · ∪ ρsTs, with each Tj an algebraic subgroup of̂H
and eachρ j a torsion element in̂H \ T j . Furthermore, suppose that

(i) The identity component of T1 is not contained in T′ = T2 · · ·Ts (internal product inĤ).
(ii) The order ofρ1 divides c(A).
(iii) rank A < rankH − dimT′.

ThenΩi
A(X) $ q−1

(
Ω

i
A
(X)

)
.

Proof. Split H as a direct sum,H′ ⊕ H′′, so thatĤ′ = T′ andĤ′′ = Ĥ/T′. Let p: H ։ H′′

be the canonical projection, and let ˆp: Ĥ′′ → Ĥ be the induced morphism. By assumption (i),
we have that ˆp−1(T1) is a positive-dimensional algebraic subgroup ofĤ′′. Thus, the positive-
dimensional components ofW = Vi(X)∩ Ĥ′′ form a torsion-translated subgroup ofĤ′′, namely,
p̂−1(ρ1T1). Moreover, assumptions (ii ) and (iii ) imply that rankA < rankH′′ and ord(p̂−1(ρ1))
dividesc(A).

Applying now Proposition8.16to the algebraic group̂H′′ and to the subvarietyW yields an
epimorphismµ : H′′ ։ A such that im(̄̂µ)∩ p̂−1(ρ1T1) is finite, and im(ˆµ)∩ p̂−1(ρ1T1) is infinite.
Settingν = µ ◦ p, we see that im(ˆν) = im(µ̂). Thus, im(̂̄ν) ∩ Vi(X) is finite, while im(ν̂) ∩ Vi(X)
is infinite. �

14. Quasi-projective varieties

We conclude with a discussion of the generalized Dwyer–Fried sets of smooth, quasi-projec-
tive varieties.

14.1. Characteristic varieties. A spaceX is said to be a(smooth) quasi-projective varietyif
there is a smooth, complex projective varietyX and a normal-crossings divisorD such that
X = X \ D. For instance,X could be the complement of an algebraic hypersurface inCPd.

The structure of the characteristic varieties of such spaces was determined through the work
of Beauville, Green and Lazarsfeld, Simpson, Campana, and Arapura in the 1990s, and further
refined in recent years. We summarize these results, essentially in the form proved by Arapura.

Theorem 14.1([1]). Let X= X \D, whereX is a smooth, projective variety and D is a normal-
crossings divisor.

(i) If either D= ∅ or b1(X) = 0, then each characteristic variety Vi(X) is a finite union of
unitary translates of algebraic subtori of T= H1(X,C∗).

(ii) In degree i= 1, the condition that b1(X) = 0 if D , ∅may be lifted. Furthermore, each
positive-dimensional component of V1(X) is of the formρ · S , where S is an algebraic
subtorus of T , andρ is a torsioncharacter.

For instance, ifC is a connected, smooth complex curve of negative Euler characteristic, then
V1(C) is the full character groupH1(C,C∗). For an arbitrary smooth, quasi-projective variety
X, each positive-dimensional component ofV1(X) arises by pullback along a suitable orbifold
fibration (or, pencil). More precisely, ifρ · S is such a component, thenS = f ∗(H1(C,C∗)), for
some curveC, and some holomorphic, surjective mapf : X→ C with connected generic fiber.

Using this interpretation, together with recent work of Dimca, Artal-Bartolo, Cogolludo, and
Matei (as recounted in [14]), we can describe the varietyV1(X), as follows.

Theorem 14.2.Let X be a smooth, quasi-projective variety. Then

V1(X) =
⋃

ξ∈Λ

V(ξ) ∪
⋃

ξ∈Λ′

(
V(ξ) \ V(ξ)

)
∪ Z,
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where Z is a finite subset of T= H1(X,C∗), andΛ andΛ′ are certain (finite) collections of
subgroups of H= H1(X,Z).

14.2. Dwyer–Fried sets. Using now Theorem14.2(and keeping the notation therein), Propo-
sition8.12yields the following structural result for the degree 1 Dwyer–Fried sets of a smooth,
quasi-projective variety.

Theorem 14.3.Let A be a quotient of H. Then

Ω
1
A(X) = Γ(H,A) \

(⋃

ξ∈Λ

q−1(σA(ξ)
)
∪

⋃

ξ∈Λ′

(
q−1(σA(ξ)

)
∩ θA(ξ)

))
.

In certain situations, more can be said. For instance, Proposition 13.6yields the following
corollary.

Corollary 14.4. Suppose the order ofξ/ξ is coprime to c(A), for eachξ ∈ Λ′. ThenΩ1
A(X) =

q−1(
Ω

1
A
(X)

)
.

Similarly, Corollary13.9has the following consequence.

Corollary 14.5. Suppose H is torsion-free, and there is a subgroupχ ∈ Λ′ such that

(i) V(χ) is not contained in T′ := V(
⋂
ξ∈Λ∪Λ′\{χ} ξ).

(ii) There is a non-zero element inχ/χ whose order divides c(A).
(iii) rank A < codimT′.

ThenΩ1
A(X) $ q−1

(
Ω

1
A
(X)

)
.

For the remainder of this section, we shall give some concrete examples of quasi-projective
manifoldsX for which the computation of the setsΩ1

A(X) can be carried out explicitly.

14.3. Brieskorn manifolds. Let (a1, . . . , an) be ann-tuple of integers, witha j ≥ 2. Consider
the varietyX in Cn defined by the equationsc j1xa1

1 + · · ·+c jnxan
n = 0, for 1≤ j ≤ n−2. Assuming

all maximal minors of the matrix
(
c jk

)
are non-zero,X is a quasi-homogeneous surface, with an

isolated singularity at 0.
The spaceX admits a goodC∗-action. SetX∗ = X\0, and letp: X∗ ։ C be the corresponding

projection onto a smooth projective curve. Thenp∗ : H1(C,C)→ H1(X∗,C) is an isomorphism,
the torsion subgroup ofH = H1(X∗,Z) coincides with the kernel ofp∗ : H1(X∗,Z)→ H1(C,Z).

By definition, the Brieskorn manifoldM = Σ(a1, . . . , an) is the link of the quasi-homogenous
singularity (X, 0). As such,M is a closed, smooth, oriented 3-manifold homotopy equivalent to
X∗. Put

l = lcm(a1, . . . , an), l j = lcm(a1, . . . , â j, . . . , an), a = a1 · · ·an.

TheS1-equivalent homeomorphism type ofM is determined by the following Seifert invariants
associated to the projectionp|M : M → C:

• The exceptional orbit data, (s1(α1, β1), · · · , sn(αn, βn)), with α j = l/l j , β j l ≡ a j modα j

andsj = a/(a jl j), wheresj = (α jβ j) means (α jβ j) repeatedsj times, unlessα j = 1, in
which casesj = (α jβ j) is to be removed from the list.

• The genus of the base curve, given byg = 1
2

(
2+ (n− 2)a/l −

∑n
j=1 sj

)
.

• The (rational) Euler number of the Seifert fibration, given by e= −a/l2.

The groupH = H1(M,Z) has rank 2g, and torsion part of orderαs1
1 · · ·α

sn
n · |e|. Identify the

character group̂H with a disjoint union of copies of̂H0 = (C∗)2g, indexed by Tors(H), and set
α = αs1

1 · · ·α
sn
n / lcm(α1, . . . , αn).
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Proposition 14.6([5]). The positive-dimensional components of V1(M) are as follows:

(i) α − 1 translated copies of̂H0, if g = 1.
(ii) Ĥ0, together withα − 1 translated copies of̂H0, if g > 1.

Denote the elements in Tors(H) corresponding to theα − 1 translated copies of̂H0 by
h1, . . . , hα−1. We then have the following corollaries.

Corollary 14.7. Let M = Σ(a1, . . . , an) be a Brieskorn manifold, and let A be a quotient of
H = H1(M,Z), with r = rankA.

(i) If g > 1, thenΩ1
A(M) = Ω1

A
= ∅.

(ii) If g = 1, thenΩ1
A
(M) = Grr (Q2g), while

Ω
1
A(M) =

{
[ν] ∈ Γ(H,A) | ν(hi) = 0 for i = 1, . . . , α − 1

}
.

Corollary 14.8. Suppose g= 1 andα > 1. ThenΩ1
H

(M) = {pt}, yetΩ1
H(M) = ∅; that is,

b1(Mfab) < ∞, yet b1(Mab) = ∞.

Example 14.9.Consider the Brieskorn manifoldM = Σ(2, 4, 8). Using the algorithm described
by Milnor in [11], we see that the fundamental group ofM has presentation

G = 〈x1, x2, x3 | x1x2
3 = x2

3x1, x2x2
3 = x2

3x2, x2
3(x3x1x2x−1

1 x−1
2 )2
= 1〉,

while its abelianization isH = Z2 ⊕ Z4. IdentifyingĤ = (C∗)2 × {±1,±i}, we find thatV1(M) =
{1}∪(C∗)2×{−1}. (The positive-dimensional component inV1(M) arises from an elliptic orbifold
fibrationX → Σ1 with two multiple fibers, each of multiplicity 2.) By Proposition 11.6, then,
b1(Mfab) < ∞, while b1(Mab) = ∞.

Now takeA = Z ⊕ Z4. Applying Corollary14.7(with g = 1 andα = 2), we conclude that
Ω

1
A
(M) = QP1, whileΩ1

A(M) consists of two copies ofΓ(Z2,A), naturally embedded inΓ(H,A).

14.4. The Catanese–Ciliberto–Mendes Lopes surface.We now give an example of a smooth,
complex projective varietyM for which the generalized Dwyer–Fried sets exhibit the kindof
subtle behavior predicted by Corollary14.5.

Let C1 be a (smooth, complex) curve of genus 2 with an elliptic involutionσ1 andC2 a curve
of genus 3 with a free involutionσ2. ThenΣ1 = C1/σ1 is a curve of genus 1, andΣ2 = C2/σ2

is a curve of genus 2. The groupZ2 acts freely on the productC1 × C2 via the involution
σ1 ×σ2; let M be the quotient surface. This variety, whose construction goes back to Catanese,
Ciliberto, and Mendes Lopes [3], is a minimal surface of general type withpg(M) = q(M) = 3
andK2

M = 8.
The projectionC1×C2 → C1 descends to an orbifold fibrationf1 : M → Σ1 with two multiple

fibers, each of multiplicity 2, while the projectionC1 × C2 → C2 descends to a holomorphic
fibration f2 : M → Σ2. It is readily seen thatH = H1(M,Z) is isomorphic toZ6; fix a basis
e1, . . . , e6 for this group. A computation detailed in [14] shows that the characteristic variety
V1(M) ⊂ (C∗)6 has two components, corresponding to the above two pencils;more precisely,

(72) V1(M) = V(ξ1) ∪
(
V(ξ2) \ V(ξ2)

)
,

whereξ1 = span{e1, e2} andξ2 = span{2e3, e4, e5, e6}.
Now supposeA is a quotient ofH = Z6, and letq: Γ(H,A) → Γ(H,A) be the canonical

projection. By Theorem14.3,

(73) Ω
1
A(M) = Γ(H,A) \

(
q−1(σA(ξ1)) ∪

(
q−1(σA(ξ2)) ∩ θA(ξ2)

))
.

Let us describe explicitly this set in a concrete situation.
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Example 14.10.Let A = Z ⊕ Z2, and identifyA = Z andΓ(H,Z) = QP5. The fiber ofq is the
setΓ = (Z5

2)∗. Given an epimorphismν : H → Z ⊕ Z2, let ν̄ : H → Z andν′ : H → Z2 be the
composites ofν with the projections on the respective factors. The terms onthe right-side of
(73) are as follows:

• σZ(ξ1) is the projective subspaceQP3
= P((H/ξ1)∨ ⊗ Q) spanned bye3, . . . , e6.

• σZ(ξ2) is the projective lineQP1
= P((H/ξ2)∨ ⊗ Q) spanned bye1 ande2.

• q−1(QP1) ∩ θA(ξ2) consists of those [ν] satisfyingν(e3) = · · · = ν(e6) = 0, andν′(e3) =
1, ν′(e4) = ν′(e5) = ν′(e6) = 0.

This completes the description of the setΩ1
Z⊕Z2

(M). Clearly,Ω1
1(M) = QP5 \ QP3. Fur-

thermore, note that the restriction mapq−1(QP1) ∩ θA(ξ2) → QP1 is a 2-to-1 surjection. Thus,
the restriction mapΩ1

Z⊕Z2
(M) → Ω1

1(M) is not a set fibration: the fiber overΩ1
1(M) \ QP1 has

cardinality 31, while the fiber overQP1 has cardinality 29.
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