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HOMEWORK 3

1. Show that all the Whitehead products in the homotopy groups of an H-space vanish.

2. Let ¢, € m,(S™) be the homotopy class of the identity map.
(a) Show that S™ is an H-space if and only if [¢y, t,,] = 0.

(b) Show that [ig,12] = 27, where 1 is the generator of 73(S?) represented by the
Hopf map.

3. Let a € m(S' Vv S?) and B € my(S! vV S?) be represented by the inclusion maps of
the factors. Put
X =(S'vS*)u; D
where f: S? — S' Vv 5% is a map representing 206 — a - 3 € m(S* VvV 5?%). Show

that the inclusion map i: S' — X induces isomorphisms 4;: 71(S') — m1(X) and
iy: H,(S') = H,(X) for all n > 0, though i is not a homotopy equivalence.

4. Let f: X — Y be a map between CW-complexes, such that the mapping cone C} is
contractible.

(a) Suppose both X and Y are simply-connected. Show that f is a homotopy equiv-
alence.

(b) Give an example showing that the simply-connectivity assumption in part (a)
cannot be dropped, in general.

5. Let f: X — Y be a map between connected CW-complexes. Show that f is a
homotopy equivalence, provided either of the following two conditions holds.
(a) The induced homomorphism f;: m(X) — m1(Y) is an isomorphism, and f admits
a lift f : X — Y to universal covers, such that the induced homomorphism,
fo: Hy(X) — H,(Y), is an isomorphism, for all n > 0.

(b) Both X and Y have dimension at most n, and the induced homomorphism,
fi: mi(X) — m(Y), is an isomorphism, for all i < n.



