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Section 1 1. INTRO

1. INTRODUCTION

The motivation for this paper comes from the segmentation problem in Computer Vision
which is the problem of subdividing an image into “meaningful” regions (“objects’).
During the early stages of image processing, one adopts a very simple criterion for
deciding what constitutes a meaningful region: aregion is meaningful if it has relatively
uniform feature intensity. A mathematical formulation of the problem was proposed in
[10] in the form of an “energy functional” as follows:

1
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where

R CR? is a connected, bounded, open subset, the “image’ domain,

¢ is the feature intensity, ¢ : R —R,

B C R isacurve segmenting R; it is the union of “object” boundaries,
u 1S the smoothed image which need not be continuous across B,

|B| is the length of B and

o, A are the weights.

The task is to find « and B which minimize £(u, B). The segmentation problem is
thus reduced to the problem of finding a piecewise smooth approximation of ¢. The
functional F£(u, B) has been studied extensively and a large body of results has been
obtained [2,5,6,11,12,13]. The purpose of this paper is to present a modification of this
formulation so as to remedy certain “pathologies’ exhibited by the above functional. In
particular, consider the 1-dimensional version of the problem so that R is just an open
interval and B isafinite set of breakpoints. Assumethat ¢ islinear. Since the formulation
tries to produce an optimal, piecewise smooth and relatively “flat” approximation of ¢,
it will segment R into many small pieces if A is sufficiently small. One should expect
a region in a 2-dimensiona image where the image gradient is high to be broken up
into small narrow strips. Another problem is that in a 2-dimensional image, the optimal
solution always rounds out corners and distorts T-junctions [11]. It is also possible that 5
may have free ends which curl up into cusps with infinite cuvature at their tips[11]. There
is also senditivity to the shape of a region. For example, consider the situation where
the image contains an object D in the shape of a dumbbell with a short narrow neck.
Suppose that within D, ¢ is constant in the direction perpendicular to the neck and linear
in the other direction. If the neck of D is sufficiently narrow, it will be cost-effective to
segment D across the neck. However, if ¢ is constant in the direction of the neck and
linear in the other direction, it will never be cost-effective to place a cut across the neck.
In order to avoid these problems, we consider the same functional with boundary
conditions:

u® = ¢F dong B 2
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where the superscripts + and — refer to the values of « and ¢ on the two sides of B.
Immediately, we see that B may be assumed to be contained in the discontinuity locus
of ¢g. It follows that the singularities such as corners and T-junctions are preserved and
that the continuous parts of ¢ are not segmented. Moreover, it is shown in the paper
that if the discontinuity locus of ¢ is the union of closed loops (that is, no free ends),
then so is the discontinuity locus of «. However, the new functional is quite useless in
its present form for application to computer vision. It is quite sensitive to noise since it
must agree with ¢ along B. More importantly, if the image is even dightly blurred as it
is likely to be in practice, B will be empty since ¢ is now continuous everywhere.

Our solution to these problems is twofold. First we impose the Dirichlet boundary
conditions only approximately by constructing a new functional which is in effect
an interpolation between the origina functional and the one with Dirichlet boundary
conditions. Second, we introduce a model for blurred object boundaries in the functional
itself. The singular perturbation introduced by Ambrosio and Tortorelli [3,4] provides
means to do so. It amounts to replacing B by a continuous variable which may be viewed
either as a blurring of B or as the probability for the presence of a boundary at a given
point. The method of gradient descent applied to the resulting elliptic functional yields
a coupled system of two diffusion equations which may be implemented, for instance,
by the method of finite differences. Alternate possibilities for such coupled systems are
discussed in [14].

The next section contains the statements of the theorems. The main results are the approx-
imation theorems (in particular, Theorem 7) which are proved only for the 1-dimensional
case. The remaining sections are devoted to proving these theorems.

2. STATEMENTS OF THE THEOREMS

We begin with the genera n—dimensional framework. Let R be a connected, bounded,
open subset of R" with Lipschitz boundary. Let £" denote the n-dimensional Lebesgue
measure on R", and H"~! denote the (n-1)-dimensional Hausdorff measure on R". Let
u and ¢ vary in L>°(R), endowed with L? topology. Let S, denote the “jump” set of v
as defined in [1]. We make a further regularity assumption on ¢ as follows:

Assumption on ¢: S, is contained in a closed subset K, C R such that

(i) H*" (K, <
(i) R\K, is a finite union of open sets { #;} with Lipschitz boundary
(iii) V7, g/ . is continuous and may be extended continuously to d R;, the boundary of R;.

Define a class of “piecewise H'-smooth” functions as
PH'(R) = {u € L™(R) : ulps, € H'(R\S.) and H"(S,nR\S.) =0} (3)
where S, denotes the closure of S, in R". Let
PHY(R,g) = {u€ PH'(R): S, C Sy, u* = ¢g* H"' —a.ec dong S,}  (4)



We look for the minimizers of the functional
1 n n—
E(u) = / [p(u—g)z—l— ||Vu||2] dL" + NH"1(Sy) (5)
R\S.,

in PHY(R, g).
In order to find approximate minimizers of £(u), we consider the functional

Butw) = [ | a4 1Vulp|ace

R\S,

(6)
—I—/ [)\ + Mc,o(u+,u_,g+,g_>]d7‘(n_l
Su
where w € PH'(R), M is a constant and
c,o(a"", a”,bt, b_> = min{<a+ — b+>2 + (a_ — b+>2, @

(@ =8+ (=) =) o= 0))

Since we are dealing with piecewise continuous functions, the proper setting for the theory
is the space of Special Functions of Bounded Variation or S BV functions, introduced by
Ambrosio and may be briefly described as follows [1]. The space BV (R) is the space of
functionsu € L'(R) such that the distributional derivative Du is avector-valued measure
of finite total variation. The space SBV(R) is the space of functions v € BV(R) such
that Du admits the following decomposition: ¥V Borel sets V/,

Du(V) = /Vudﬁ" + / (u"" — u_>1/ud7-("_1 (8
1% Vs,

where v, denotes the direction normal to 5,. Let
SBV(R,g) = {u € SBV(R) : Sy C Sy, u® =g H" ' —ae. dongS,} (9

Definitions of the functionals £(«) and Ejy/(u) clearly extend to any v € SBV (R). We
now extend these definitions to any « € L°°(R) by relaxation as follows [7]:

E(u) = inf {liminfE(uk) cup —u inL*(R),up € SBV(R)} (20)

k—o0
Epr(u) = inf {ligninfE(uk) cup —u o in LZ(R),uk € SBV(R,g)} (11)
—00

FEy(u) = inf {li]gninf Ey(ug):up —uw in LZ(R),uk € SBV(R)} (12)



The following theorem, summarizing the results in [1,8], forms a basis for the results
in this paper:

Theorem 1. Assumethat £(u) < co. Then, u € SBV(R) and F(u) = E(u). Moreover,
E(u) has minimizers and any minimizer of £(u) belongs to PH(R).

Analogously, we prove:

Theorem 2: Assume that Epg(u) < oo. Then, u € SBV(R,g) and Epp(u) = E(u).
Theorem 3: Let n=1. If £y (u) < oo, thenu € PHY(R) and Ey(u) = Ey(u).

We have the following existence theorems:

Theorem 4:

(i) Epg(u) has a minimizer in SBV (R, g)

(ii) If n=1, then F(u) has a minimizer in PH'(R, g).

(iii) If n=2, suppose that 12 isarectangle. Let 7, denote the set consisting of the pointsin
S, which are not in S, or where S, isnot C'1. Similarly, define T, for any v € PH(R).
Supposethat 7, isafinite set. Then F(u) hasaminimizer intheset{u € PHY(R,g) : T,
finite}. Moreover, if v is such a minimizer, then 7, C Tj.

Theorem 5: Let n=1. Then £y (u) has a minimizer in PH(R).

We now construct a singular perturbation of £/ (u). We recall the construction of
Ambrosio and Tortorelli. The basic ingredient is the representation of .S, by a continuous
variable v as follows. Let

1 2 1)2 n
Vo= [ IVl + e (13)
R

For afixed, (n-1)-dimensional, closed, C''~smooth subset K in R, let v, minimize A ,(v)
with the boundary condition v = 1 on K. Then, as p — 0, v, obviously tends to zero
everywhere in R\ K. The key point isthat A ,(v,) — H"~}(K). The values of v, range
between 0 and 1. For sufficiently small values of p, v, is essentially an exponentially
decaying function of distance from K. Thus v, may be viewed as either a blurring
of v, (the characteristic function of K’) with a nomina blurring radius equal to p or,
aternatively, as the probability for the presence of a boundary at a point. By replacing
Su everywhere in Ej/(u) appropriately, we get

1 2 2 2
Bap = [logtu— g + IVull*{(1 =) + 0,
R (14)
1 2 2 vZ n
g M= g) Lol Vol = lac
where o, is a positive constant, depending on p, such that o, is of order o(p). The

infinitesimal o, isintroduced as in [4] to ensure C'!—regularity of the minimizers of £ M,p
and thus avoid certain purely technical complications; £, , still approximates £y, if o,
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were set equal to 0. The existence of minimizers of Ey, in HY(R) x HY(R) follows
by reduction to the 1-dimensional case by the dlicing technique and then applying the
standard compactness and lower semicontinuity theorems (see [3]).

In order to state the approximation theorems, we recall De Giorgi’s notion of
I'—convergence [7]. Let X be a metric space, let Y ¢ X and let f; : Y — [0,00] be a
family of functions indexed by £ > 0. Then f; is said to I'—converge to f : X — [0, o]
ask — 0, if

Vo — x,liiniglffk(xk) > f(x)

g, — x, limsup fr(xg) < f(2)
k—0

(15

for al x € X. If the 'dimit exists, it is unique and it is lower semicontinous. Note that
if V&, fr = f, then F—}Clm f3, exists and equals f, the relaxation of f. The important

property of I'—convergence from the point of view of approximations is the following:
if {x;} is asymptoticaly minimizing, i.e.,

lim <fk(Tk) igl(ffk> =0 (16)

and if z;,  — = for some sequence k,, — 0, then  minimizes f.
The approximation theorems are:

Theorem 6: Let n = 1.

(i) As M — oo, Ey I'—converges to Fpp.
(i) As M — 0, Ey T'—converges to F.
Theorem 7: Let n =1 Let

X(R) = L®(R) x {ve L®(R) : 0<v< 1}

17
Y(R) = {(u,v) € X(R) : u,ve Hl(fg)} (17)
Extend £y to X(R) by setting
n _JEy ifo=0
Far(w,v) = { oo otherwise (18)

Then as p — 0, Ey,, I'—converges to Fyy.
Theorem 8: Let n=1. Let X(R) and Y (R) be defined and £ extended to X(R) as
in Theorem 7. Assume that M = O|Inp| and g € C%?(R\S,) for some positive a < 1
Then as p — 0, Eyr,, I'—converges to Epp.

3. PROOF OF THEOREM 2

By Theorem 1, v € SBV(R) and E(u) < co. We have to show that « satisfies
the boundary conditions. Let {u;} be a sequence in SBV(R,g¢) such that v — u
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in L2, Since Sy, C Sy and (u — uj vy, - H* LS, converges in measure [1] to
(ut —u)vy - H*1LS,, Su C Sy. Let Ky be a closed subset containing 5, such that
R\ K, has finitely many connected components, {£;}, with Lipschitz boundary. Since
the embedding H'(R;) C W3 (R;) is compact [9] for s < 1, after replacing the sequence
uy, by a subsequence, we may assume that wy, — w in W3 (R;),Vi. If s —1 > 0, then we
have continuous trace maps +; : W5 (R;) — W;_l/z(al%i). Therefore, ~i(uy) — vi(u)
in L2(9R;),Vi. It follows that along K, the function

0 =(luif —g™| +|ug =g ) (Juff —ui|) —

19
(It —g*] + Jum — g ) (ot —u]) 2 — e 49

Hence, ut = ¢* H" ! —a.e. dongS,.

4. PROOF OF THEOREM 3

Again, by Theorem 1, v € H*(R/S,) and S,\S, is empty since n=1. The main point
is to show that £y (u) > Ey(u). Let {u;} be asequence in PH!(R) converging to
u in L?(R). By passing to a subsequence, we may assume that Vi, — Vu weakly in
L*(R), |Su,| = N,¥k and

l]ciino Far(ug) = Epyr(u) (20)

By Theorem 1, “};ﬂigleWk) > E(u). We have to show that

hin—}(?f c,o(uz_,u];,g"',g_) 2 ;tp@"_,u_,g"_,g_) (21)

U
By Ambrosio’s semicontinuity theorem [1], for every open set A C R, |[S,NA| <
hiﬂiélﬂsuk N Al. Let R be the open interval (a,b) and let

Sup = {an}, a<ap, <ap, - <ap, <b

(22)
Su:{y]‘}, a <y <y <..<b

Let {xy,,..., 24, } betheset of pointsin S,, converging to apointy; € S,. After passing
to a subsequence, we may assume that the convergence is monotonic. Define

vi(z) = / Vugdr, v(r) = / Vaudz (23)

W = U — Vg, W=U—0v

Then v, — v in C%%(R) for dl o < §, w; and w are piecewise constant, wy, — w a.c.
and Dw; — Dw weakly in measure [1].



It follows that if we let

up(g,+) — a?’, up(zp,—) —a; forl<i<m (24)

then

u(y;+) = af, ulyj—) =a;, af = a; .y fori<i<m (25)
Let o, = o(ur(er,+), up(er,—), g(xr,+), g(xr,—)). We have to show that
> on = elulyit), uly;—), 9(y+). 9(y;-)) (26)
i=l
Suppose that wy,,zy,, ¢ S¢Vk > some kg. Now if xp, ¢ Sy, VE > ko, then
up(ep,—) — g(xg,) — u(yj£) — ¢g(yj£) where the sign on the right side is plus if
xy, > y; and minus if 23, < y;. Then it is easily checked that

pluly;+),uly; =) 9(y+) 9(y;—))
hin_%lf Ok, if I=m 27)
= liiniéqf (¢x, + %) Otherwise

Now suppose that there exists an integer ko suchthat V& > ko, xy, Or 2, € Sy. If [ =m,
then we are done. If I # m, then, say, =4, € 5,. Hence, z, ¢ S,. One checks that

lim inf
imin (Or + ©k,)

> min { a7 — gy )]+ [adh — 9y D] [a7 — gy +)]" + [af, - g(yﬁ)]z}

_|_
> @(u(yﬂ_)?1L(:yj—),g(yj—|-)79(yj_)) (28)

5. PROOFS OF THEOREMS 4 AND 5

For proving the first part of Theorem 4, let u; be a minimizing sequence in SBV (R, g)
converging to w in L%(R). Let ¢ = ||glloor and let up = ¢ A ug V (—c). Then
up, € SBV(R,g) and F(uy) < F(ug). Hence we may assume that ||ug|ec,r < c.
By Theorem 2, v € SBV(R,¢) and E(u) < limy_.o £(uy). Therefore « minimizes the
functional. If n=1, then « is automatically in PH1(R, ). Theorem 5 is proved in the
same way. We now give a direct proof for part (iii) of Theorem 4. Let u € PHY (R, g).
Suppose that there exists P € T, which is not in 7. Then, since 5, must be C'! at
P, P must be a terminal point of S,. By Theorem 1.7.3 in [9], there must exist ¢ > 0
such that with origin at P,Vé < «,

/ ‘u"'(s) — u_(s)‘ci—s < oo (29)

0



along the branch of S, terminating a P. Here s is the arc-length along the branch.

Therefore,
s

_ ds
JAC R (30
0
But since S, is C'! a P, there exists a positive § < ¢ such that
97(s) =g (s)] >a>0 for0<s<$é (31
and hence
p d
_ s
/‘g+(5)—g (5)\?200 (32)

0

Therefore, P must be in T}, as well. Hence, we need to consider only those functions
u € PHY(R,g) for which T, ¢ T,. Since T, is finite, there are only finitely many
possibilities for S,. Hence the theorem follows from the theory of elliptic boundary
value problems [9].

6. PROOF OF THEOREM 6

(i) CASE: M — ~
Proposition 6.1 (lower inequality): For every u € SBV(R) N L>(R),

Epgr(u) <inf {ljiéninfEM(uM) cuy —u o inLER), uy € PHl(R)} (33)

Proof: We may assume that the right hand side of the inequality is finite. Let {u;} be
a sequence in PH1(R) converging to u in L?(R) such that Ejy(uy) < C < co and
|Sup| = N. By Theorem 1, v € PHY(R), |S,| < N and E(u) < C. It remains to show
that w € PHY(R, g). Asin the proof of Theorem 3, let {xyy,, ..., x5, }C Su,, bethe set
of points, monotonically converging to y € S,. Suppose that = s, # vy for all sufficiently
large M. We may assume that ¢ is continuous at = ;, for all A7. Then,

, C
(upr(zag+) — glear))’ + (unr(ea,—) — g(zar,))” < 27 0 (34)
Hence, ( ) )
. L o Jgly—) ifay, <y
Jim upy(ep+) = lm wy(ew,—) = {g(y+) if 241 >y (35)

Therefore, wy(xyr,+)—up(2py,—) — 0 asM — oo. Since, by Ambrosio’stheorem [1],

> (un(zan+) — up(ea,—)) = u(y+) — u(y—) (36)
k



there must exist &£ such that for all sufficiently large M, x5, = y and such that
uyr(y+) — u(y+) and up(y—) — u(y—). Since

~0 (37)

S

elup(y+), up(y—), 9(y+),9(y—)) <

it is easy to check that y € S, and u®(y) = g*(y).
Proposition 6.2 (upper inequality): For every « € SBV(R), there exists a sequence
{uy} in PHY(R) converging to v such that

limsup Ey(uy) < Epr(u) (38)
M—o0

Proof: We may assume that £p(u) < oco. Hence, u € PHY(R,g). Setuy = u, VM.

(i) CASE: M — 0
The lower inequality follow from Ambrosio’s theorem [1]. For the upper inequality, set
uy = u,VM as before.

7. PROOF OF THEOREM 7

Proposition 7.1 (lower inequality): Let n=1. Then, for every (u,v) € X(R),

Ey(u,v) <inf {limigleM’p(up,vp) : (up,v,) = (u,v) N L*(R), (up,v,) € Y(R)
p—>

(39)
Proof: If v # 0, then both sides of the inequality would be infinite. Therefore,
we may assume that the v = 0 and the right hand side of the inequality is finite.
Let (up,v,) — (u,0) in L*(R) such that Ey (u,,v,) < C < co. By Theorem 1,
u € SBV(R) and F(u) < limi(l)quo,p(up,vp) < oo. Hence, v € PH(R). Therefore, it

p—

is enough to show that for every positive 6 < 1, there exists > 0 such that
{ly —n,y+mn):y € S,} aedgoint open setsin R, and Yy € 9,

y=+n

Yy
it | (up_g)z(p\vw;”) > (L= 0)p (00wt o™ () (40

y=n

Ambrosio and Tortorelli [3,4] prove that since

C 1 ) v 1
T2 5/{/)\1);\ +?p}d:1: > /\vpvf)\dl' = 5/

R R R

dx (41)

(v3)

there exists afinite set / C R such that (i) S, C J and (ii) for any compact set X' C R\ J,

lim sup max vg <é (42)
p—0 A



Therefore, after passing to a subsequence if necessary, we can find » > 0 such that
{ty —m,y+n):y € S,} aedigoint open setsin R and

(i) va(x) <6 Vpita ¢ (y—ny+n) Vy e Sy

.. if S
(H) Yy € Suy (y—ny+n)NSy = {%y} :)tgefwié’e
(ii)Vy € Sy, (y—n,y+n)NnJ = {y}

For any o > 6, let

- 2
Y = max sup v, <o

(43)
T = min sup v, <o
12 >y n{(x’y—H])
Now,
lim sup vgzl (44)
P=0 (y—n,y+n)

because otherwise u would be absolutely continuous at y. Hence, y, , < y;ﬁa and the
sequences {y, ,} and {y;:a} have a unique accumulation point at y. Fix ¢ such that
6 < o < 1. After extracting a subsequence if necessary, we may assume that the
sequences {y, ,}, {y;,}, {y, s}, {y, s} converge to y monotonically. Define u,, , over
(y —n,y +n) as follows:

~ Juy(e) if z € (y—n,y_,a)
Hp,a(x) - { uz<y;,cr> otherwise P (45)
Since
y+n Yoo | Yo C
u “dr = ARP < ' 2(1 —v )zdx < — (46)
/ (1) /< ) (1_@2y4< ) e <

asp—0,u,, —uin C*(y — 1,y +n) for any positive a < § where

Julx)  ifxe(y—mn,y)
ule) = {u—<y> it 2 € (y.y+ 1) 4

Let A = max {||u||OO’R, ||g||OO’R}. Let ¢ > 0 such that ¢ < 11.A42. There exists a positive
po such that for al p < po,

€

Hﬂp,a - 2Hoo,(y—n,er??) <114 49

10



and

HEP"’ + EHoo,(y—n,ern) = HEW N EHoo,(y—n,ern) + 2wl (y—p gy = 34 (49)
Let 3 3 L
b_:{u (y) =9~ (y) iy, <y
u(y) =gt y) Ty, >y
By continuity of v and ¢ in (y —n,y + n)\{y}, we may choose py such that Vp < py,

(50)

[u(e) = g(e) = 47| < i Vo€ (v,5050) (5)

Then Va € (y,5,9,,) and Vp < po,

(= g)* = (b))

< ‘(yp,a — )"+ 2(uy o — w)(u— g) + (w—g)* = (47| (52)
< TA|(upp —u)| +4AJu—g — b7
<e€

Therefore, Vp < po,

y=n
Yo,0 9
> / (u,— g)z{p@'p)z + v?p}dx
Y5
Yoo
> {(b_>2—6} / {p(vlp>2—l-%%}dx &9
Y, s
Yp,o
{07 =} [ d)'as
Y, s

> {(b_>2 — 6}(0—5)

Similarly, defining 6% by replacing v~ by «* and y,, by y, in the definition of 5,
we get

y+n o2
/ (up—g)z{p<v;>2—|—?p}dx > {(:b“”)z—e}(a—&) (54)

+
Yp,o

11



Since ¢ is arbitrary,

y+n 9
v
[ - g)z{p@;)z + f}dw > {0+ (1)} o) (55)
y=n
Now let o 7 1.
Proposition 7.2 (upper semicontinuity): Let n=1. Then, for every (u,v) € X(R), there
exists a sequence {(u,,v,)} in Y(R) converging to (u,v) in L?(R) such that
limsup Fyy ,(up,v,) < Eyr(u,v) (56)
p—0
Proof: We may assume that fy(u,v) < oo. Hence, v = 0,u € PHYR) and
Ey(u,v) = Ep(u). We adopt the construction of Ambrosio and Tortorelli [4]. For
each p, fix

o = o(\/p)
b, = O(pop) (57)
ap=—plnn,
Let
wp(t)y = e~U=blle forb, <t <b,+a, (58)

Note that w,(b, + a,) = n,. We may assume that for each y € S,

(y = 2bp = 2a,,y + 2by + 2a,) N Sy = {y} (59)
(y =20y — 20,y + 2by + 2a,) N Sy = {y} or {

For y € Sy, let ¢, = a,o(u"'(y),u_(y),g+(y),g_(y)>. For each y € S,, choose a
sequence of points {y,} as follows:

y oy = (v () =)+ () = g~(0);
b=y botay) oy =0y —g~(w) + (u ) —g7(v) (60
v+ (bt ap) iy = (ut(y) =gt (y) + (v (y) — 97 ()
Let .
1 if |+ —y,| <b, for somey,
vp(a) = { wpllz —y,l) ifb, <|e—y, <b,+a, for somey, (61)
Mo otherwise

Finally, define continuous functions «, as follows:

If |2 —y,| < b, + a, for some y,, let
u(yp—by—a,) ify,—b,—a,<ax<y,—b, forsomey,

up() = {u+(yp+bp—|—ap) ify,+6,<x<y,+0b,+a, forsomey, (62)
linear in(y,—b,y,+0b,) Vy,

If | —y,| >b,+a, foreveryy, letuy(z)=u(x)

12



[1]
[2]

It is now straightforward to check that (see [3,4])

2
. 2 2 1 9 A 2 v
hr;félp/ [(“Z) {(1 — )"+ Op} +—5lup—9)" + 5{9(”2) + ;p} dw < E(u)
R
(63)
In particular,
Yp—bo 9 Yptbota, 9
. N2 Up . I\ 2 Up
lim sup p(vp> + — pdx =limsup p(vp> + —rdx =1 (64)
p—0 P p—0 P
Yp—bp—ap Yotbp
By construction, for any ¢ > 0, there exists py such that Vp < py,
Auple) — g(x)Po, < ¢ 0 < o —y,| <b, )
[up(:z;)—g(:z;)]2 Seyte ifb,<|r—yl<b,+a,
Hence,
Ypotbpta, 9
. 2 I\ 2 vp
lim sup (up—g) p(vp) + — | pdx < 20y (66)
p—0 P
Yp—bp—a,

Since (u, — g)*n2 = o(p), the proposition follows.

8. PROOF OF THEOREM 8

Lower Inequality: Asin the proof of Proposition 7.1, let (u,,v,) — (u,0) in L? such
that £y ,(up,v,) < C < oo. By Proposition 7.1, for each fixed M,

Ey(u,v) < limiéqf Ewnp(up,vp) <C (67)
p%

By letting M — oo, we see that ¢ = 0 for every point in S,. Hence, 5, C S, and
u € PHY(R,q).

Upper Inequality: Use the construction given in the proof of Proposition 7.2, noting
that Mo, — 0 and M(u,(x) — g(x))’ = O(M(b,+a,)") = O(p" "+ p).
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