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ABSTRACT. Analyzing shape manifolds as Riemannian manifolds has been
shown to be an effective technique for understanding their geometry. Rie-
mannian metrics of the type H° and H' on the space of planar curves have
already been investigated in detail. Since in many applications, the basic
shape of an object is understood to be independent of its scale, orientation
or placement, we consider here an H? metric on the space of planar curves
modulo similitudes. The metric depends purely on the bending and stretch-
ing of the curve. Equations of the geodesic for parametrized curves as well
as un-parametrized curves and bounds for the sectional curvature are derived.
Equations of gradient descent are given for constructing the geodesics between
two given curves numerically.
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1. INTRODUCTION

One of the approaches to shape analysis is to study the Riemannian geometry
of the shape manifold. Examples of this approach may be seen in [2-6, 8-16]. In
particular, there has been a great deal of progress in understanding the geometry
of planar shapes exemplified by silhouettes and MRI. Mathematically, this space is
the space of smooth planar curves. Michor and Mumford [3,4] have analyzed this
space in considerable detail. In particular, they derive the geodesic equation for a
general Sobolev metric. A more detailed analysis including the sectional curvature
of specific metrics is carried out in [9,16]. Conformal versions of the H°-metric of
Michor and Mumford are studied in [9] while an H!-metric is studied in [16].

It is useful to separate out the pose and scale of an object from its inherent
geometry. This leads us to study the space of planar curves modulo translation,
rotation and scale. An example of such a formulation is an H'-metric analyzed in
[16] by Younes et al. To obtain a metric which depends purely on the bending and
stretching of the curve, what is needed is an H2-metric. Klassen et al studied such
a metric in [2]. This was further investigated by the author in [8]. The current
paper is a more thorough analysis of a closely related H2-metric in the framework
of Michor and Mumford. We derive the geodesic equation and give the equation of
gradient descent for deforming a given curve into a geodesic. Using the techniques
developed in [3,4,16], we compute the sectional curvature and derive an absolute
bound which guarantees the existence of minimal geodesics.

This paper is organized as follows. In §2, we define the space of parametrized
closed curves and describe the action of the group of similitudes. We define Sobolev
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bilinear forms on the tangent bundle which induces Riemannian metrics on the
quotient space. In the rest of the paper, we restrict the analysis to the case of H?
metric.

In §3, we derive the geodesic equation for the space of parametrized curves
modulo similitudes.

In §4, the action of the reparametrization group is considered and the equation
for the geodesics on the quotient by the group is derived.

Computation of the sectional curvature is rather involved and is carried out in
several steps. In §5.1, local charts are constructed by means of a much bigger space
Q) which includes open curves. Rotations of the curves induce translations in Q. The
space () is the quotient of €2 by these translations. The space of closed curves modulo
similitudes appears as a submanifold €0y of Q. In §5.2, we define the tangent bundles
on € and Q. We identify a subbundle of the tangent space of Q with the tangent
bundle of 2, allowing us to carry out all our computations on this subbundle. We
carry over the Sobolev bilinear form to {2 which then defines a Sobolev metric on
Q. In §5.3, we describe the action of the group of reparametrization on Q and Q.
The metric on €2 induces a metric on its quotient by the group. Christoffel Symbols
are computed in §5.4. The sectional curvature of € is computed in §5.5 and an
application of Gauss Lemma in §5.6 gives a formula for the sectional curvature of
the submanifold €. In §5.7, we use O’Neill’s formula to compute the sectional
curvature of €y modulo the group of reparametrizations. In §5.7, we derive an
absolute bound on the sectional curvature.

2. SOBOLEV METRICS

Let Imm(S*, R?) denote the space of all C>° immersions ¢ : S — R2.

Let the unit circle S' be parametrized by 6. Let s denote the arc-length along
the image curve of ¢ in R?. The infinitesimal arc-length ds = |cg| df. (Subscripts
0, s,t denote the derivative.)

A tangent vector h at a point ¢ € Imm(S*,R?) is just a vector field in R? along
cin R2. If a,b are vectors in R?, a - b will denote their dot product. Let v and n
denote the vector fields of unit tangent and unit normal vectors along c¢. As vector
fields along ¢ viewed as a curve in the complex plane C, v = ¢5 and n = ics. We
will often represent h, as a complex function:

hs = (hs - v)v + (hs - n)n = ((hs - v) +i(hs - n)) cs
The vector (hs - v, hs - n) as a complex function takes the form
hs-v+ths-n=hs/cs
We will use the following notations interchangeably:

ms h
(ms-v,mgs-n)- (hs-v,hs-n) = (mg-v)(hs-v)+ (ms-n)(hs - n) = C—S . C—S
S S
Let ¥ denote the group of similitudes. Its action on ¢ as a curve in C is given by
ac+ B where «, 8 are (complex) constants. The vertical vectors at ¢ of the quotient
map

p: Imm(S* R?) — Imm(S*, R?)/2
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have the form ac+ 8. If h is a vertical vector, then hg/cs is constant, that is, hs - v
and hg - n are constant. We define ¥-horizontal vectors at ¢ as

2.1) (Wh =T o=T n=0}

where the bar over a variable denotes its average value:

7:%/0de’ Ez/cds

fr=f-f
The horizontal and the vertical vectors define a decomposition of the tangent bundle
of Imm(S*, R?) into two subbundles such that the tangent map

T. Imm(S', R?) = Ty Imm(S*, R?)/S

Let

is an isomorphism when restricted to the horizontal vectors. We identify the tangent
vectors at p(c) with the horizontal tangent vectors at ¢. The projection from the
tangent space at ¢ onto the space of horizontal tangent vectors is given by the
formula

(2.2) h—s h¥ = h% — (hy/cs)c®
Note that ¥ is the curve ¢ translated so that its center of gravity is at the origin.

Given a path c(t) in Imm(S!, R?), there exists a horizontal path c¢*(t) = a(t)c(t)+
B(t) where a(t) and SB(t) are given by equations

o+ acgs/es = 0
B+ (ac)y = 0
such that c(t) and c¢*(t) project to the same path in Imm(S*, R?)/X.
We now define a bilinear form on the tangent space at c:

Pt

(m, h) = £2777 /(D’s”l(m?v%D?’l(mE n)) - (DFH(he - ), DETH(hT - n))ds

C

where D, = d/ds, { is the length of ¢ and p > 1. Note that h> - v = (hs - v)? and
hE.n = (hs -n)°. Moreover (h,h) = 0 if and only if h is a vertical vector. (m,h)
is non-degenerate on the horizontal subbundle and defines a Riemannian metric on
it and hence on Imm(S*, R?) /3.

The case p = 1 has been treated in [16] using a representation of Imm(S!, R?)/%
by grassmannians. If p > 2, DP=Y(hE - v, hY - n) = DP~Y(hs - v, hs - n). We may
assume ¢ = 1 since the metric is scale-invariant. Setting p = 2 from now on, we
consider the metric induced by the bilinear form

(2.3) (m,h) = /(mS cv,mg - N)s - (hs v, hs - n)sds

C

Given a path c(t) : [0,1] — Imm(S*,R?), we define its length by setting

L(c(t)) = /O N

The length of a path is invariant under the action of X.



JAYANT SHAH MATHEMATICS DEPARTMENT, NORTHEASTERN UNIVERSITY, BOSTON, MA EMAIL: SHAH@QNEU.EDU

3. GEODESIC EQUATION FOR THE H2-METRIC ON Imm(S!, R?)/%

Let c(t) : [0,1] — Imm(S?,R?) be a horizontal lift of a path in Imm(S*, R?)/3.
We may assume that for each t, the curve ¢(t) has unit length. Deformation of a
curve by a horizontal tangent vector preserves its length. We derive the geodesic
equation by calculating the first variation of the energy

1
E(c) = 1/ (ctycp)dt

2 Jo
- / 1 / (cts - 0)0) + ((cas - m)s)? dsdlt

where ¢ = (¢t)s = DsD:e.
Let m(t) be a field of horizontal tangent vectors along c¢(t), vanishing at its
end-points. We have the following formulas for derivatives in the direction of m:

Dplcgl = (ms-v)|cgl, DmDs= —(ms-v)Ds+ DsD,,
Dpv = (ms-n)n, Dpn=—(ms n)v
Dp(cts -v) = DmDiloglcg| = DiDploglce| = (ms-v)e,  Dim(cts -n) = (ms - n);
1! ) o df
DpE(c) = = D,, ((cts “0)g + (cts -n)e) —dt
2 Jo St |09|
! o
- / / (m - 0)e(cts - 0o + (ma - or(crs - n)s) —o-dt
0o Jst |col
1 [t do
5 [ ) (e 0+ G )
2 0 S1 |C9|

- - / 1 / ((ma - 0)a(ers - 0)st + (ms - n)s(crs - n)e) dsdt
-5 / 1 / (ma - ) (€1 - 0)2 + (era - m)2) dsdt

where the last step follows from integration by parts. Since m is horizontal, mg/cs
has zero mean and hence,

1
DnE(c) = —/O /((mS 0)s((cts - 0)st)” + (ms - n)s((ces - n)st)?) dsdt
—%/O /C(mS - v) ((Cts v)g + (ets - n)g)o dsdt

The operator D71 is uniquely defined on zero-mean functions by requiring that

D3 ' f =0. Applying integration by parts,

1
Dy, E(c) = _/0 /((ms “v)s((ees -v)st)o + (ms - n)s((ces .n)st)O) dsdt
—l—%/o /C(ms ~U)5D;1 ((Cts v)? + (cts 'n)i)odsdt
1
= —/ (m,~y(c)) dt

0



AN H? RIEMANNIAN METRIC ON THE SPACE OF PLANAR CURVES MODULO SIMILITUDES

where the symbol 7 denotes the geodesic curvature of the path in Imm(S*, R?)/S
corresponding to the path ¢(t). An explicit expression for 4 may be derived as
follows.

Using the identity fo = —(cts - v) fs + fts, We get

(cts - V)st = (Cts V) — (Crs - V)(Crs - V)s

(Ctts v — (cts 'U)2 + (cts - n)2)s — (cts - v)(cs - v)s

_ < o B0+ e n>> — ((ets - v)e)"

(cts*n)st = (cus n)es — (cos - v)(ces - 1)s
= (cus - —2(cs - V)(cts =), — (s - V) (Crs - 1)
(s m)o)* = (cts = 2ers 0)ers -m) = D7 (e1s - 0)ers -m),)°)
Let A be the vector (A1, Ag) where

M= (G0 = (e n?) + 5072 (- 02+ )’
Ay = (2(cts -v)(ets - m)) + D;1 ((ets - v)(ces 'n)S)O

Then,

purte== [[ [ (%) (2 4).»

Since [ m.ds =0, we have
0= /(ms/cs)*czds = /(ms/cs):Ds_l(c:)ds

where the superscript * denotes the complex conjugate. Therefore,

/<”§_) . D7Y(c)ds = 0

1
DnE(c) = _/ /(m_> .<C”S —A—aDs_Q(c:)> ds
0 c Cs /s Cs s
1
- f0E) ()

0 c Cs /s Cs /s
for all @ € C. Let y4/cs = cys/cs — A —aDy?(ct). Since we must have fc ~vsds = 0,
set

and

B fc Acgds
- /. ‘Ds_l(cs)‘2 ds
Finally,
(3.1) Y= cCu —D;1 ((A‘FO‘D;Q(C:)) CS)
A path ¢(t) is a geodesic if and only if
(3.2) cee = Dyt ((A+aD;2(ch)) es)

A path ¢(t) may be deformed into a geodesic by gradient descent: % .

An alternative form of the geodesic equation and the gradient descent without
using the explicit form of v may be derived as follows:
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1
(3.3) Let pu= (cts v)st — §DS_1 ((ctS v)i + (s -n)i)o , v="_cts n)st
Then,
Ctts 0
_A) =
(22— a) =)
_ (e (s
B ) = [ () (2 @

[ (ne)set e %) as
= —/((mS “0) s + (ms - n) vs) ds

c

=~ [y G ) o+ v ds
= —/cms~(,usv+1/sn)ds

= /m (psv +vgn), ds

for all vectors m € T, Imm(S*, R?).

(3.5) (sv + vsn)s

1

_ ((Cts V) stsV F (Cos - M) stsT — 5 ((ets - v)3 + (crs n)g)o v>

1
= ((CtS/CS)stsCS)s 3 ((”(6155/05)5”2)065)5
Since
7(c) =0 <= (m,v(c)) =0 for all m € T.Imm(S*, R?),
a path ¢(t) is a geodesic if and only if
1
3 (e 2+ (e mi)) =0

S

(3.6) <(cts 0)rst + (cts - M)otsmt —
Since

(v +vm)® 7)) = (oo +vem)es7) = 0

1 1
and D, =E(c) = —/ (m™,~)dt = —/ (m,~)dt
0 0
the gradient descent equation takes form

(3.7) % o <<(Cts 0)stsV + (Crs - N)sts — % ((cts - 0)2 + (cus '”)3)0 ”>S)E

The geodesic equation may also be written in terms of the ”momentum” vector
u as follows:

u = ((Cts : v)ss v+ (Cts : n)ss n)s = ((CtS/CS)SSCS)s
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Uy = ((CtS/CS)SSCS)st
= —(cs-v)u+ ((CtS/CS)SSCS)ts
- - (Cts : 1)) u+ ((Cts/cs)sstcs)s + 1 ((Cts : n) (Cts/cs)sscs)s

where we have used the formula css = Dy(cs) = i(cts - n)cs. Therefore,

u = —(Crs V) U (= (Crs - V) (Crs/Cs)ssCs + (Crs/Cs)stsCs) g
+i ((crs - m) u + (cts - n)s (Cts/cCs)ssCs)
= (=2¢s-v+ics-n)u
+(=Crs - v Fices - n), (Crs/Cs)ssCs + ((Crs/Cs)stsCs) s

(3-8) ((crs/cs)stsCs)y = Ut + (215 - v —icrs - ) U+ (Cps - U — iCs - M), (Crs/Cs)s5Cs
Substituting (3.8) into (3.5) we get

(usv +ven)s = U+ (2ce5 -0 —icys - n) U+ (Cps -V —iCss - M), (Crs/Cs)ssCs

_% ((H(Cts/cs)suz)ocs)s

Noting Dscs = ikcs,

(cun v = icrs ), (eusfes)uscs = 5 ((l(cusfen)al e )

= _i[(cts : U)ss (Cts : n)s - (Cts " s(cts : n)ss

+g ((Cts : U)g + (Cts : n)g)o]cs

where k is the curvature of ¢ defined by the equation vy = kn.

— N =

(3.9) (usv +vsn)s = ur+ (2¢5 v —ices - n)w
_i[(cts : U)ss(cts : n)s - (Cts : U)s(cts : n)ss

+E ((Cts : U)g + (Cts : n)g)o]cs

2
The geodesic equation takes the form
(3.10)ut + (2¢ts v —icis - m)u = if(crs - V)ss(Cs - M)s — (Cos - V)s(Cs - M) ss
+g ((cts - 0)% + (crs - 1)2) Jes

4. GEODESIC EQUATION FOR THE H2-METRIC ON Imm(S!, R?)/(Z x Diff(S1))

The group of diffeomorphisms Diff(S!) acts on Imm(S!,R?) by composition
from the right. The action commutes with the action of ¥ and hence Diff(S!)
acts on Imm(S',R?)/3. The quotient Imm(S!,R?)/(X x Diff(S!)) is the space
of un-parametrized curves modulo similitudes which inherits a Riemannian metric
making the quotient map a submersion.

The tangent bundle of Imm(S!,R?)/(% x Diff(S!)) splits into vertical and hori-
zontal subbundles which are orthogonal with respect to the metric on Imm(S*, R?) /3.
The geodesics on Imm (S, R?)/(X x Diff(S1)) are just the horizontal geodesics on
Imm(S!,R?)/E. The action of an infinitesimal diffeomorphism corresponds to a
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vector field bv along ¢ where b € R. A tangent vector h € T, Imm(S*,R?)/3 is
Diff (S!)-horizontal
<~ (bu,h) = /bv “((hs -v) v+ (hs - ), n),ds = /bv “((hs/cs)sscs)s =0
< v-((hs- U)ss v+ (hs 'n)ss n)s =vU- ((hS/CS)ssCS)s = (hs - U)sss — K (hs 'n)ss =0
Suppose c(t) is horizontal with respect to X x Diff(S!). Then
V- ((Crs/Cs)ssCs)g =v-u=0

Therefore, the momentum vector u = an, a(t) € R. Substituting this in (3.9), we
get

(usv +ven), = [ag +2(cs - v)a — (Cs - V) ss(Crs - 1) s + (Crs - V)s(Crs - 1)ss
5 (e 03 + (eta - m)2)

The geodesic equation takes the form

(41) at + 2(Cts ' U)CL = (Cts : U)ss(cts ' n)s - (Cts ' v)s(cts ' n)ss
+g (( ts U)i + (Cts ' n)g)o

Since (bv,v) = [, bv- (usv + vsn), ds = 0, the geodesic curvature v(c) is horizontal
with respect to ¥ x Diff(S?).

A horizontal path ¢(t) may be constructed as follows. Lift C(t) to a path c(t)
on Imm(S1,R?). We now construct a path o(t,60) € Diff(S*) such that co ¢ is
horizontal. Write ¢ (t,0) = £(¢,0) o ©(t,0) and let n = |cp| €. Note that (co ), =
(et +nv) o and Deoy(f 0 @) = (Dcf) o ¢ (see [3]). The path co ¢ is horizontal
with respect to Diff (S1)

= (e ), -v) = r (e +mv) 1) =0
<~ L’I] + (Cts : v)sss - H(Cts : n)ss =0
where
(42) Ln = nssss — 5("‘”7)55
The operator L is self-adjoint and it is positive definite provided that ¢ is not a

circle. Assuming that the path does not pass through a circle, n may be calculated
by minimizing

/%("735 + (Fm)?) + ((cts - v)sss — K(cts - n)ss)nds

by gradient descent. Then, integrate the equation ¢:(t,6) = &£(t,0) o (t,0) to
obtain ¢ and the horizontal path (co ¢)*.

5. SECTIONAL CURVATURE

5.1. Local Charts. Let ¢ : S' — C be an immersion. ¢ is translation invariant.

¥ acts on ¢y by multiplication and on logcy by translation. Hence, (logcy), is
Y-invariant.

/ (logcg), df = log cy|ar —logcglo = 2mJi
Sl

where J is the rotation index of ¢. The space of (logcg), provides local charts of
Imm(St, R?)/3 as follows.
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Fix an integer J, the rotation index. Let

Q

{z € C®(SY,R?)| [ zdf = 0,/ 2odf) = 27TJ}
St St

Q

27
{z € C*(R,R?)|zy, 22 — Ja 27-periodic, / e*ldx = 1}
0

where z1, zo are the components of z. The map
X : 00— Q
is defined by setting x(z) = z,. A point z € Q defines a curve c. : R — C:

x
¢, (x) :/ et dy
0

¢, is a closed curve of length 1 if ¢,(27) = 0. The arclength s of ¢, is given by
s(z) = fom e**dx. The unit tangent vector field v and the unit normal vector field

n along c, are given by e*2 and ie’*? respectively. The curvature x = 2.
Let

Qo = {z:c, is closed}

Qo X ()

Define a map
Qo — Imm(S*, R?)/%

as follows. Let ¢ € Qp. x 1(¢) consists of pairs (z1,22) such that z; is uniquely
determined and zz is unique up to a constant. Let ¢, -1(¢) = {cz 1z € X—l(g‘)}.
The curves c,-1(¢) lie in the same ) -orbit and hence map to a unique point in
Imm(St, R?)/3.

5.2. Tangent Bundles. Let z € Q. If a function f(z) is 2m-periodic, we will also
regard it as a function on S! as well as a function on the circle A = {627”'S 0 <

s < 1}. The tangent spaces TZKNZ and T\, are given by

Tzﬁ = {h = (hl,h,Q) : hl, hQ 27T—periodic, / hldS = 0}
A

Tx(z)Q = {h9 che Tzﬁ}

The vertical vectors at z are of the form (0, a), aeR. Let

Tgﬁz{h;/hds:()}
A

We have the decomposition
T.Q~T'QaR
such that
TX(Z)Q >~ TZOQ
Every tangent vector field on  lifts uniquely to a section of T9Q. We will carry

out all the calculations below in terms of the sections of T°S.
Let

m € T.ITmm(S*, R?)
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. Then,
Dyco = Dp(|ealv)

= (ms-v)|cg|lv + (ms - n)n|co|
= {(ms-v)+i(ms-n)}co

and Dy, logecyp = (ms-v)+i(ms-n). Therefore, if z. is the image of ¢ in ?2, m maps
onto (ms - v,ms -n) € T, Q. The subriemannian metric on Imm(S*, R?) induces a
subrimannian metric on Q. If m, heT .,

(m,h) = / ms - heds
A

The metric is non-degenerate on T°€) and hence, induces a Riemannian metric on
Q.

5.3. Action of the Group of Reparametrization. Let Diff ' (R) be the group
of increasing C'* diffeomorphisms ¢ : R — R such that ¢(x + 27) = ¢(z) + 27 for
all z. Let Diff’(R) be the central group subgroup of translations: ¢(x) = z + 27n.
The quotient Diff " (R)/ Diff’(R) is the group of diffecomorphisms of S*, Diff *(S).
Diff T (R) acts on € as follows:

zf = zop+logp,
zf = z200p

The action commutes with the translations zy — 2 +a and hence Diff " (R) acts on
Q. The action of Diff’(R) on Q is trivial so that Diff (S') acts on Q. The metric
on € is defined independently of parametrization. Therefore the quotient map

I:Q— Q/Difft(S*)

is a Riemannian submersion. An infinitesimal diffeomorphism, a, of S! induces
a tangent vector field bv along ¢, where b = e*a and maps to a vertical vector
(L1b)° € TOQ where L; = (Ds, ). The condition for h € T°Q to be II-horizontal
takes the form L} - hss = 0 where the adjoint L} = (—=Ds, k). If h € T9Q, let hY
and k¥ denote its horizontal and vertical components. h" has the form (L1b)°.
Since Lj - (h — L1b),, =0,
L7 - hgs = L} - (L1b) = —bssss + £ (kD) ,, = —Lb
where L is the self-adjoint operator defined earlier (Equation 4.2). We have
W == (Ly- L7N(L - hyy))”

provided that c, is not a circle.
5.4. Christoffel Symbols. Let h, k, m be sections of T°Q such that hg, kg, mg are

constant vector fields on €. We calculate the Christoffel symbol I'(h, k) € T
using the two gradients, K (m, h) and H(h,k) of Dy, (h,k):

Dy, (h, k) = (K(m, h), k) = (m,H(h,k))
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/Ks(m,h)-ksds = Dm/hs~ksds
A A

D,, heg - kge”?*d0O
1

—/ hg - kgmie **df
g1

= —/ hs - kemayds
A
—/ (m1hs)® - keds
A

Therefore, K(m,h) = — (myh,)°. Similarly,

/Hs(h,k)-msds = —/hs-ksmlds
A A

I
I
D
=

w
-

<

3
U
V)

Il
3
=
»
]
»
>
»
Pl
»
~

o

QU

VA

Hence, H(h, k) = (D;l (hs - ks)° o). We have the identity

T(h, k) = = [K(h, k) + K (k, h) — H(h, k)]

N~

Therefore,
(5.1) Palh k) =~ [(0ka)” + (kaha)+ (DS (b -k 0)]

5.5. Sectional Curvature of . Let m,h be sections of TQ such that me, hg
are constant vector fields on 2. We have the identity for the sectional curvature at
the two-dimensional subspace of the tangent space at ( € {2 spanned by m and h:

1 1
KC”Q(mv h) = D?n,h <m7 h> - §D72n,m <h7 h> - §Dl21,h <m7 m>
In evaluating the right-hand side, we will use the formula
Db = —mih

obtained as follows: Let h = foe hedf. Then,

h:ﬁ—/ﬁds, Dmh:—/ﬁmlds=—/hm1ds
A A

Let m, h, k, p be tangent vector fields on Q which are sections of T°Q and which
are constant on Q.

D?n,p <h7 k> = _Dp /1 heg - kgmye  **dO
S
= / hg - kgmipie” *1do + mlpl/ ho - ke **d0
St St

= / mlplhs . ksds + mip1 <h7 k>
A
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We may assume that m, h are orthonormal at . Then,

D72n,h <m7 h> = /A m1h1ms . hSdS
1 1 1—
__D12nm<h7h’> = __/ m%hs 'hst— —m%
2 ’ 2 /A 2
1 1 1—
oty = s s

The expression (I'(m, h),T'(m, h)) — (I'(m, m),T'(h, h)) simplifies to

1
_/ |h1ms—m1hs|2d8+
2 /A

1 2
Z/ UDsl (ms - hs)()’ — D7 (my - ms)o D7 (hy - hs)o} ds
A

1/ - _
_Z (‘/’les =+ m1h5‘2 + m% + h%) +mimg - hlhs
Summing all the terms, we get,
(52) Iigﬂgz(m,h)

2
- i/ UD;l (ms-hs)()’ — DY (my -my)° D! (hs-hs)o} ds
A

1/ - -
_Z (}hlms + mlhs}z + 3 (m% + h%)) + mimg - hlhs
where m, h are orthonormal.

5.6. Sectional Curvature of Qy. Now let { € Q. Since g is a submanifold of
), its sectional curvature may be calculated using Gauss Lemma.

5.6.1. The Normal Bundle. Let z € Q.

2m
Q=Q1+1iQ2 = / e dy
0

z € ?26 if and only if @ = 0. Now assume that z € ﬁ; such that x(z) = ¢. Let
h e TQ.

2m
DLQ = / e H1%2 (hy 4 ihy)da
0

/ he*2ds
A

u1 = (cos 2z, — sin z2) , ug = (sin 23, cos 22)

Let

Then, in vector notation,

Dp@Q = /(h~u1,h-u2)ds
A

= _/ (hs - (DS_QUI)Sv hs - (Ds,_2u2)s)d5
A

Therefore, the gradient
VQZ = —Ds_2ui S TSQ
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As a complex valued function

D;lul = (D;le”?)* = (co)*

z

where the superscript * indicates complex congugation. ¢? is the curve c, translated
so that its center of gravity is at the origin. Similarly, Dy us = i (c?)” which is
just a rotation of (cg)* by /2.

Clearly, VQ1,V(Q2 are orthogonal. The normal vector space defined by the
gradients V@1 and V(@2 is invariant under change in zo by an additive constant
and hence defines the normal vector space at ¢ € . A choice of z correponds to
a choice of a basis of the normal vector space at (. For i = 1,2,

IVQiI* = (vQi. Qi) = [ [ ds
A

2. o .
IVQ;||” is the polar moment of the curve c?, invariant under rotation of ¢? and

hence, invariant under change in zo by an additive constant.

5.6.2. The Second Fundamental Form. The second fundamental form S(m,h) has
the decomposition:

S(m,h),VQ1) VQ, (S(m,h),VQ2) VQ2
IVQ1? IVQ2?

<S(m7 h)u VQZ> = - <Dva17 h> = _V2Qi(m7 h)
The Hessian V2Q;(m, k) = Dy, DQ; — Dr(m,n)Qi

S(m,h) = <

27
D,D,Q = Dm/ he®dx
0
I 2m

2
= mlh/ e“dx + mhedzx
0 0

= / mhe*2ds at z € 56
A

. o~ 2
since, at z € Qq, [; " e*dz = 0.

Dl"(m)h)Q:/ I'(m, h)e**2ds
A

Therefore,
(S(m,h),VQ) = —/ (mh —T'(m, h)) e**2ds
A
<S(m7 h)? VQ1> = <F(m7 h) - (mh) ) VQ1>
Therefore,
S(m,h) = T(m,h)— (mh)
D(m,h) = —%D;l [(m1h)° + (i) + (D7 (my - 1), 0)]

(mh) = (mih1 —mahg, miha + mahy)
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5.6.3. Gauss Lemma.

R¢,Qo (m, h)
= rcalm,h)+ (S(m,m),S(h,h)) — (S(m,h),S(m,h))
= kea(m, h) + (T(m,m) — (m2) ,T(h,h) — (h2)>

- <F(m7 h) - (mh) 7P(m7 h) - (mh)>

This may be simplified to take the form

1
(5.3) Keoo(myh) = —3|hims —myhg|? — 5 lh2m, - mahs||;

—9(h1ma —miha) (h1smas — mishas)
1 — —
—5 (i + 1)
where m, h are orthonormal.

5.7. Sectional Curvature of €/ Diff*(S'). Let ¢ € Q. Let z € Qg map to .
Let a, b be a pair of orthonormal tangent vectors at TI(¢) € Qo/ Diff*(S1). Let m, h
be orthonormal horizontal lifts of a,b in T%Q. Let m#, h# be sections of T°Qq in
a neighborhood of z which are horizontal extensions of m,h. Then, by O’Neill’s
formula [7], we have

3 v
(5.4) “H(g),szo/DiHﬂsl)(aa b) = K¢,00(m, h) + 1 H [mif’ hﬂC Q%

)

where {mf,hﬂ is the Lie bracket and as before, the superscript V' denotes its

v

II-vertical component. We now derive an explicit expression for {mzé, hﬂ o
38 &0

We may regard the vector fields m#, h# as vector fields on Q) since [mf, hﬂ o =
»8 40

[mf, hﬂ . We now construct the vector fields m#, h#. An important fact im-
¢,Q
v
plicit in O’Neill’s formula is that [mf, hﬂ is independent of the choice of the
¢,Q
horizontal extensions m#, h#. Extend the vectors m, h as sections of T2 such that
mg, hg are constant vector fields on ) and denote them again as m, h respectively.
Set m# = m* and h# = h¥. Since Dy, hg = Dp,me =0,

14
[m?7h?} :Dmehgl_Dhemészhemg_Dmth

3860

Let D¢ pf denote the derivative of f at the point ¢ in the direction h.
Dengmy = — (Den (L1 (LY - mss))),
= —(LiL7'Dep (L7 - mss)),

since L] - mgs = 0 at ¢. Therefore,

mit]! = ),
¢80
where 1/) = ch,m (L;< . hss) - DC,h (leF . mss)

\%4
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We use the following formulae:

Depms = Depe 'mg = —hims
D¢ pmss = —2himgs — hisms
Denk = D¢ nzos
= —hyizas + has
= —hik+ hos
DC,hLT = —hlLik + (0, hgs)

We recall that x without subscripts denotes the curvature of ¢, and equals zos.
Since L] - mgs = 0 at (,

Dq,h (LI . mss) = (Dgthyf) cMgs + LT . Dgﬁhmss
= h2sm2ss - 2L>]'j . (hlmss) - LT . (hlsms)

= h2sm2ss + 2hlsmlss + (hlsmls)s — KR (hlsm2s)
taking into account again that L] - mss = 0 at z. We get

Q/J = (m25h2ss - hZSmQSs)

+2 (mlshlss - hlsmlss) + K (h15m2s - mlsh2s>

1%
H[m?, 3£:|C.,Qo = /A(LlL_lq/))s~(L1L_11/))sds
= [ @ () = eL ), s
= / L™ pds
A
3 -1
(5.5) Hn(g),no/Diffﬂsl)(avb):”c,szo(m,h)ﬂLZ/A#)L Yds

where a, b are orthonormal.

5.8. Absolute Bounds. We derive the following bounds for the sectional curva-
ture.

Let ¢ € Q2.
9 19
) <Z4 7
(5.6) keal < 5+ 23
If ¢ € Qg, then,
1
(57) |Ii<1§20| S 72 + ﬁ

Let z € Q map to ¢ € . Let a,b be a pair of orthonormal tangent vectors at
1(¢) € Qo/ Diff 7 (S1). Let m, h be orthonormal horizontal lifts of a, b in T9€). Fix
h. Then, for all a,
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(5.8) |K1(¢), 00/ Dift+ (51 (@, D)
2
1 3(3 3\2 ,
< — 422 2
SRSt ils T (871') +C | (6lhlly+ 2kl L)
where

- 1+ %5 5]l 00 5]l (1 + ﬁ + ﬁ)

272 (1 _m)

k is the curvature of the curve ¢, corresponding to the point z and J is its rotation
index.

5.8.1. Sobolev Spaces. Let Ooo,O(A,]R) = {f € C®(A,R) :7 _ O}. Define norms
Ifl,,, n € Z, by setting

1
2
59 I = | [ 1ozsas
A
Let H"(A,R) denote the completion of C°*(A,R) in the norm ||-||,. If (f1, f2) €
C>9(A,R?), its norm

= [ [ (2 102 o]

defines the corresponding space H"(A,R?). If f € H"(A,R) and g € H "(A,R),
fg € LY'(AR):

(5.10) /A \Falds < £, loll_

The following estimate may be proved by means of the Fourier series of f €
H™(A,R):

/11,

(5.11) 1l < Gyasm

m<n

For n > 0, H"(A,R) is an algebra in which the multiplication is defined as (fg)°.
(5.12) 1(F9)°ll,
(5.13) 1(f9)°ll,,

Va £l gl
w3151, lgl,

ﬂ-n—2

IN

IN

n>1

In what follows, we will refer to the function spaces defined above simply as H™,
L', etc. and omit the specification (A, R) or (A, R?).
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5.8.2. An upper bound for |k¢ ql.
KJC)Q(m, h)

1 2
= 3 / UDsl (ms - he)°| = Dt (- m)° DI (s - h)°| ds
A
1 /— (R — _
~7 (}hlms + mlhs}2 +3 (m% + h%)) + mims - hihs
where m, h are orthonormal. We estimate below typical terms in the expression.

If fell
|/f%mﬁ/fw !
0 0 2

It follows that |D;(f°)] < 2 || f||;.. and hence, H]”D’L1 < 3l
Since m and h are unit vectors,

- 1
+|sf| for —§§s§

IN

9

02
’Ds_l (ms - hs) ‘

DI (ma-ma)° D7 (a1 < 9

2
— 9 (|||
1= lmallg < (71 S0

1
[hmas| < {lhallo (fmally + flmally) < —

Substituting these inequalities in the expression for x¢ o, we get

—_

9 19
. <4 =
5.8.3. An upper bound for |k¢ .o,
1
’QC,Qo(mv h) = =3[hims— mlhsng 3 | hams — m2hSH(2J

—9(hima —myiha) (hismas — mishas)
1/
5 (i +7)
where m, h are orthonormal.

3
lhamslly < l[hallpee lImslly < 5 [thams —mahs|ly <3

9
|hima — myho| < 3

’(h1m2 —m1hg) (h1smas — mishas)
9 99—
S 5 |(hlsm25 - mlsh2s)‘ S §|hs| |ms|
9 9
< 5 Uhally Imsllg) < 5
9 9 1
1 < 3.94-49.2 4 —
(5 5) |I€<790| =~ 3 9+2+9 2+27T2
1
< 72+

2712
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5.8.4. An upper bound for |/§H ¢),Q0/ Diff+ ( Sl)|

( )QO/Dlﬂ‘+(Sl)(a b) = R, Qo(m h / 1/)L 17,/)d$
where

Q/J = (m25h2ss - hZSmQSs)

+2 (mlshlss - hlsmlss) +K (h15m2s - mlsh2s>

and m, h are orthonormal.

YL~ = /A(Lflw)L(Lflw)ds
J 0+ 202 as

For 1 L—14 to be finite, L~1¢ € H? or ¢» € H~2. Orthonormality of m, h implies
that hs,ms € HC and hys, mss € H-'. This is not sufficient to place the terms
like moghass in H~2. We have to assume additional regularity at least for one of
the tangent vectors m, h. We assume that h € H2. We fix h and derive an upper
bound with respect to m. There is an additional complication because 1) need not
be equal to zero. We will see that under this assumption, ¢ € L. Therefore,

4| ||1/)||L1
0 0
[0, < e, <L
Let w = L4 so that L1y = W = uLu. Since u) = wh + YO,
VL < [al [§] + o], [[0°]]_,

IN

IN

IWJHLI

Since uLu = u2, 4 (ku)> > (ud,)?, [[uf]], < /YL~ 1Y We get

[l |9 + VoL~ [,

YL <
<t el + o T 19
:
(5.16) PL T < 83 + \/( i )2 + W')T'L 917

We now proceed to estimate @, and ||| ..

Let Lo = D? — 472 J?D? where J is the rotation index. We have k = k° + 27J.
Let M = Ly — L so that Mb = 2nJ ((Kaob)ss + mobss) + K2(Kk%)ss. Let v = Lal(wo
and let w = L~14. Note that 472J%v = D?v— D24 so that 7 = 0. Let ¢, = Mv
Let u, = L™ %),. We have

U = W+ U+ us

U = W+ Ux
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Let A be the smallest eigenvalue of L.
5 - —
Miwlly < wLw <[] [¢] < [¢] [lwlly
Therefore, |w|, < —

A
Note that the norms [|-|| extend to C*°(A,R) if n > 0. Since |[@| < |Jwl|,,

|

Since v € H2, ¢y € H™2, u,v € H%, ¢, € HY and u, € H*.

Mudls < wluy < whs < usl l19llo

=

[w] <

~|

_ 1%l
. < wllg < ————=
w < ey < 1
It follows that
B s 1 [l
5.17 ul < — (Y] + [lv« §—<1+ (]
Let
Ds_2¢0 — Z ake27rik:s
k20
v = Zbke%rik:s
k20

Substituting these in the equation vg, — 472J%v = D729, we get

by = —— %k
M T2 1 02
3 e
Vss = Qg ke
k;ﬁok +J
1/2
()]
ol = Tl = |2 (e
o k2 +J

IN

1/2
[ﬁi:ai] <[¢’ll_,

k0

ss’

[5%0]l; < 4v3 ][5l 1ol
V3 sl |91,

HKOUSSHO < ||K’||L°° Hon72

Py = 2w ((nov) s T IiO’USS) + 0 (nov)

1570 [l

IN

I5” (")

IN

5]l [ (%) I,

44/3 5] Loo 5]l H@[’OHJ

sl

IN
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0 3
We also have ||t H_2 < i 1Yl g We get

3v3 orJ onJ
(5.18) [Vellg < ——[lKllpe lElly | 1+ + 1l
0= g IR 6l e 4v3 |5l L

Estimates for typical terms in the expression for i are as follows.
[mashass| s < [Imasllg 1hassllo < 1Bl
||m2ssh28||Ll < ||m2ss||71 ||h25||1 < ||h||2

<

150l oe Imasllo [1h2sllo < 1%l poe

N

||’<5mlsh28||L1
Therefore,
(5.19) 191l < 61l + 2|k Lo

Substituting the estimates (5.17), (5.18), (5.19) and a lower bound (5.20) for A
derived below in the inequality (5.16), we obtain an estimate for O’Neill’s bracket.

5.8.5. A Lower Bound for \. In this section, H™ denotes the completion of C*°(A, R)
or C*°(A,R?) in the norm ||| ..
Recall that L1 = (Ds, k). For b, by, by € H?,

<b1’b2>L = / blLdeS :/ (lel)s . (leg)sds
A A
ol = <b,b>L:/A(L1b)s~(L1b)sdszIIleIIf
b3 Lib|)?
g L _ g, IR
b0 bl b0 bllg

Let A be the positive definite operator —D? + k2. Let
<b1,b2>A = / blAbgdS = / (lel) . (leg) dS
A A

2 2
e U NCURCU R LA
We have the inequality
2 _ Ll
Lib OH < 1
H( 1b) 0~ 4m?
and the following estimate from [1]:
2 2 10
I(L1b)llo = N6l = 5 l1Bllg
Therefore,
2 of|?
2 )’
IZ1B)lo
We need to relate H(le)OHO and || L1bl|,.
Let U = (0,1) € ToQ. Then, L1b = (L1b)’ + xbU. L1b = (L;b)" if and only if

0= / Kkbds = / bA (A_IH) ds = <b, A_1H>A
A A
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Let 8 = A~ k. wB = |84 = (B2 + #252) > [|kBls. We also have w8 < ||x8]|,

by Schwartz inequality. Therefore, k5 < (@)1/2 and hence, ||3]|, < 1. Equality
requires 3 to be constant which, in turn, implies that x is constant, that is, ¢, is a
circle. Write

<b7 B)A

b = by + af where a =
18I1%

Then,
I(Lb) 5 = 11615 = lIboll, + a® 118115
and since L1 = (Llﬁ)o +kBU = (Llﬁ)o + ||ﬁ||?4 U,
(L10)° = (Libo) + a(L1B)° = (Libo) + aL1 B —a || B3 U
2
J@aw’| = ool +a* 1815 (1 - 181%)
Therefore,
2
0
Jz | ollh + a2 1815 (1 - 1812)
[(L1b)|12 1boll % + a2 [1811%

>1— |84 >1—-rA 1k

and

(5.20) A > 2r (1 - m)
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