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A I
of degree n with coefficients in a

P Ge do ta t.at an ixtan
died 940

The nets of p are the solutions to the
polynomial equation P x 0

To solve such an equation we may as well
divide I by ao and only consider node
polynomials

P x a too of an

By the FundamentalTheorem ofAlgebra
every non constantpolynomial completely

t.fi fi tifEiators.whe

znartherootsof P



The coefficients of I may be
recovered from its roots as the

elementary symmetric polynomials in
those roots up tosign

far Zzt Zn

92 Ʃ ZiZj
icj

n C Mz tn

These formulas were discovered byFrancoisViete
in the late 1500s

2 Tschirabustransformations
Linear equations

90 0 do

Quadratic equations complete the Square
7A ta 0 Babylonians

Set y X E y a 7 9 92 0
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In general we may get rid of the
coefficient of bymaking the substitution

Y
a Cy f a y 9 I
Y a y ooo any

1
a to

Y a at y

Thus it is enough to consider depressed
polynomials

P X X an 2 2 anxtan

How to solve the depressed cubic equation

C X azXtAzT
Weperformaquadratic substitution due to
Tschirnhaus 16383

1Y SCx XbzXtbT
the satisfesant.mecubic polynomial
Q.ly Y GYtEYtGT

We may compute the coefficients of
using Vieta's formulas



Let tuxyls be the rootsof P
Yi Sai the roots of Q

Then
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41443 a

Hence
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Similarly
Cz Azbitat 93bz 49263 363

03 Asb azbibztazazbz azb3 3azba.bz
2azb b a

The goal is to choose bz b such that the equation

Qly O will depend on a single parameter i.e 9 9 0
We get

bz 3392

be393261T



Plugging these values into Cs and solving
the equation y G weget3 roots

t.FI i1 I EEI
where 3 11
Finally we go back to the equation
4 be z y o andsolvefor x

In the end the 3 roots of Pcr 0 are

U V X2 Us v5 3 437 V3
where

PEEWEE
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are chosen so that UV

These are Cardano's formulas which
he attributed to del Ferro andTartaglia
A similar method solves the quartic Ferrari
The method breaks down for the quintic
which cannotbe solved by radicals alone
Ruffini 1799 18137 Abel 1824 Galois 1832



3 TheBringradi.cat

Using Tschnihaus transformations a

general quintic equation can be brought
to the form
PCX

5
9 794 95 0

As shown by Bring 1796 and Jerrard 1852

one can eliminate one more parameter
and bring it to the form

45 BAY b 0

via a cubic Tschirnhans transformation

The Bring Jerrard form can be further
reduced by setting Z y f by Weget

where.EE I
I

The Bringradical of a denoted Br a is any
one of the 5 solutions of this equation

Upshot One can solve the quintic by using
the fieldoperations one and the functions
F F F and Br Forshort the mintic
can be solved by radicals and the Bring radical



y

4 Hilbe.tt teenhproblem

A generalpolynomialequationofdegreen
can be brought to the form

EE xftbnarf.at
Thus the solutions to such equations
can be expressed in terms offunctions
of at most m 4 variables

For n 5 those functions are 5,88 Br
Hiebert asked Cat ICM 1900 whether

this is an optimal bound or whether

the number ofvariables can be decreased

Define the resolventelegree

IRDM m.info fgykunsngone2 functions

oRD.cm fnn
fdegreeeI

Hiebert what is RD n for 2 6,7



Bridgage
on a 0

I
4 It

IT
Braid on 3 Not a braid
strands same braids

isotopic

Composition of braids

I 17
With this operation the setof all braids
on n strands Bn becomes a group
Identity
Inverse reversed braid Y



The n th braid group Bn is

generated by the elementary braids

Ony

I 1

Subject to the relations
d off

it
I
x 11

Ojo if 4 81 1

I
11
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B 9 021 0190 FOOT

B4 49 81 3 5 8 8 95 597



Let mi.it p
For each not let M M M with

product topology

11T.IE i f
Conf.CM Cm mn E M mi Mj for all j

If M is a manifold ofdimension d then

Confn M is a manifold of dimension dn
Eg
Conf M M

Confa M MXM Δ Δ diagonal

I confalm1
Suppose M is connected Then

If d and n 2 then Confn m is disconnected

If 672 then Confn M is connected



Suppose now M G is a topological group
e.g G Rⁿ C G 03 s etc

Then

Confn G G Confn Grey

Gis ign 91 ga gign

Most important case is when M R
i e M IC

A point in Confn C can be viewed as
an n

tff.ie jtsine

he

Conf e 03

Conf E I E 03 04 5 s

Conf C EX Confeck 03

C 03 0,1
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7 vn eredconfgrations

A permutation of a sets is a bijection
from S to S

For instance if S 1,2 its permutations
are 2 and

Permutations can be composed E.g

The symmetricgroup Sn is the group

of all permutations of the set b in

Its order is n

Given a space M the group acts
on M by permuting the coordinates

Sn x M mn
Co Mis Mn Moral Moon

This action restricts to a free action

of Sn on Confn M



Definition the Ieredonfigurationspace
Inpoints in a space M is

UConf.CM Confn M
gn

the quotientspaceof the orderedconfiguration
space by the abovefree action
UConfn M may be viewed as the space
of all subsets My mn CM of
size n

The quotient map
Confn M UConf M

is a regular cover with group
of deck transformations In

Eg Conf e UConf I

is up to homotopy the 2 told cover

5 S
2 22

l
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Elamentalgroup of M based at so

M a loops 8 in M based at so
modulo homotopy ree Xo

with
81.8 concatenation of the two loops

0882
8 1 loop traversed in opposite direction

identity constant loop at no

If M is path connected then

In M IT M H for all x X EM
so write it simply as it M

IT M Me x ̅ Mi 1 Ma

Examples
Ty contractible space

e

e g RI
IT C 0 T1 S1

In C n points IT s Fn

TI tree group
on n letters



Theorem Fox Fadell 1962

Fl conf e Pm purebraidgroup
on n strings

2
on n strings
D

basepoint to

Light
2 similar QED

Now recall the Sn cover

Confn e U Confn Ce

Using therelationship between covers and fundamental

group we get exact sequence
eker q
Pn Bn Sn 1

where q sends a braid β to the induced
permutation of the strands e g

91 Is



Efes
n 2 I P2 Bz 52 I

1 I

m 3 1 B Bz 53 I

2 2

Remark In turn the braidgroups completely
determine the homotopy typesof the
respective configuration spaces

Confn e K Pn 1

UConfn e K Bn 1

o
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of all monic polynomials with

Polyn E

it
Vieta's formulasprovide an identification
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I X Z Zn PW X tapitantan

Some of the roots may berepeated So let

T.es spaeofp Iywith no repeated linear

Fespanfsquar
freepolynomlast

There is then an identification

SP.ly e UConface
Zy Zn Z Zn

Therefore w̅ SPolyn e Bn

To conclude let us describe in more

concrete terms the space SPoly.CC



Note that I G X Z Cx Zn

has a repeated root precisely when

the polynomial

Antz IT Zi Zj
Kkj n

vanishes

This polynomial can be re interpreted
as a polynomial in the variables 9 19 an

Δn a

via the Vieta formulas

Therefore

ISP.lyaEnedlAncattofFthomplmentinEofthe

discriminant hypersurface An 0

Let us describe these hypersurfaces
in low degrees n 2,3 4

0 I
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32

of
a generated by the

loop around
the parabola

That is
6

issi
Let Ix Xia xtazx ta x

Changing variables via x Y
replaces by the depressed cubic

Qly Y uy V
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Up to sign then the discriminant is
A V 443 27 V2

B3 II C 03 0

T
CEYA.ca oD

unto1
singularityat o

k trefoil
knot

rt

t 9 w

Let Ix tux tux w be a

depressed quartic
The discriminant polynomial becomes

Cu yw 844W 4438 128 u w

14444W 27v4 256 w

The corresponding hypersurface in 3 space
is called the swallowtail singularity



after this bird

Thus B4 IT E I Δ UNWED

The Swallow's Tail
by Salvador Dali

1983


