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Some background

A kernel of a morphism X iy isa morphism Ky — X such that

@ The composition Kf — X 5 ¥ s zero.
@ Ky — X s universal with this property.

K

"\

Ke — X 5 vy
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Some background

A cokernel of a morphism X 5 v isa morphism Y —— L¢ such that

@ The composition X Tty — Lf is zero.

@ Y —— L is universal with this property.

Xy I
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Some background

A cokernel of a morphism X 5 v isa morphism Y —— L¢ such that

@ The composition X Tty — Lf is zero.

@ Y —— Ly is universal with this property.

Xy 1

\ i

L
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Snake Lemma. If

is a commutative diagram with exact rows, then there is an exact sequence
given by the dashed arrows below.
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Snake Lemma. If

is a commutative diagram with exact rows, then there is an exact sequence
given by the dashed arrows below.

X

> X
O — X

Kr

Lp

— O +—
M o W
— T —

'\
I

'\
oy

'\
0
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Snake Lemma. If

is a commutative diagram with exact rows, then there is an exact sequence
given by the dashed arrows below.

oy Ko ooy K == K =
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Snake Lemma. If

is a commutative diagram with exact rows, then there is an exact sequence
given by the dashed arrows below.
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First proof

By diagram chase
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A-fyB s
I e s
D»— E

-
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L Kr > Kg —— Ks
ST 1T
Kr A B C
[l )

D E - F Ly
L]
L, Lg Ls
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1T T
Kr A B “s C
[l L
D»—— E p F ih
Lr -+ Lg -+ Ls -
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|
Kr A-tysB-—4yC
e
Dyrir E——> F Ly
AN
Ly - Lg ——-» Ls =7~
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Ke AL “t(*)c
r lg s
D+ E——F Ly
N
Lr -+ Lg -+ Lg -
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K: A g i
r lg s
Dy E——F Ly
Lol L
Lr -+ Lg -+ Lg -

Vitor Gulisz

A Tale of Two Sequences April 12, 2024 6 /24



2024 6 /24

April 12,

n
o
2
o
3
o
5

%]
Q
H

=

“
o

)
©

flig

<




) o K Ky ——7>>3<K5
K,: £ f Ygut(x)gt
T
Z'D””vg(y)E L F L
RN
Ly - Lg ——-» Ls =7~
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rrrrrr t
Kf A f yB u (X)C ) //
R CET
S F sy
| : w /7\
\\W(Z) l l ////
L, -3 Lg - Ls -~
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An example for vector spaces over R

o
|

1 0 0
(O cosf 7sin0>

0 sinf cosf
R —
(100)
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G
|

1 0 0
(0 cosG—sinQ) y

0 sinf cosf

R —— 3 R
(100)
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G |
|

1 0 0
(0 cosefsin9> y
0 sinf cosf
3

R —— 3 R
(100)
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0
()
R —=2  R3 z
\ 0
1 0 0
<0 c0597sin9>
0 sinf cos6
4

R — > R X
(100)
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»
>

0
G
\
((1)c029—s(i)n9> 4;)/

0 sinf cosf

R —— 3 R
(100)
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G
|

1 0 0
(0 cosG—sinQ) y
0 sinf cosf
R3 R X
(100)
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R R?
|
1 0 0
<0c95975|n0> y
0 sinf cosf
R? 3 R x
(? 8) (100)
01
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>N

(¢) (100)
R 1 R3 010 R2
|
10 0 4‘
<0c05975|n0> y
0 sinf cosf
R2 3 X
(g 8) (100)
01
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o ) o 10,
(geemg o)

Rz (gg) R3 (100)
01
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o 9 o 18 g
(geemg o)

Rz <(1)8) R3 (100)
01
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» N

e ), g 61D e
\ 4‘
(§m0<anv) y
R}, (?8) k2 (To0) = ;
01
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Rz 1 R3 010 R)%y
\

1 0 0
(0 cos 6 fsiné)

0 sinf cos@

R?2 R3 R
yz X
<(1)8> (100)

01
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(©) . aw
R, ]124‘3 R2,
. 1 0 0
—sinf )
(o)) (geosme) o)
2 3
R R (100) R,
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1)
<8> (100)
0 R, —— R ~010% R2
\
. 1 0 0
()| (geseme) oo
d
2 3
R, <(1)8> R (100) Ry 0
01
(cosO sin@)
R 0 0
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30 »y 0 -—--————-
/// 0
/ 0 (1)
/
/ (5) s
3 2
0 R, R R2,
. 1 0 0
—sin 6 (0 cosﬁfsine)
( cos 6 ) 0 sinf cos@ (10)
N\
R2 R3 0
Sy e T
01 /
(cosO sin@) ///
I »0 -7
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// 0
/ (1)
/ 0
’ ? (598)
0 R, R3 R2,
\ y
. 1 0 0
—sin g (0 cosefsin6'>
( cos ) 0 sinf cosf (10) X
R2 R3 R 0
e (00> (too0)” Y
10 |
01 /
(cosf sinf) //
R ----om--- » 0 —---oom- »0 -7
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(%)
/ 0
/ 0 100
0 Rz (1) R?’ (010) R)Q(y
| y
. 1 0 0
—sin @ —sin
x| Qepme) oo«
N
2 3
Kye (00) R (100) R 9
10 /
01 /
(cosO sin0) //
N >0 ----mm--- s 0 -
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(%)
/ 0
/ 0 100
0 Rz (1) R?’ (010) R)Q(y
| y
. 1 0 0
—sin @ —sin
x| Qepme) oo«
N
2 3
Kye (00) R (100) R 9
10 /
01 /
(cosO sin0) //
N >0 ----mm--- s 0 -

Vitor Gulisz A Tale of Two Sequences April 12, 2024



@)
/ 0 .
/ 0 100}
0 Rz (1) R?’ (010) R)Q(y
\ y
. 1 0 0
—sing — sin
<Cslsn0> (82?:3 ccs;s(99> (10) X
+
2 3
Ry- (0 o> R (100) Ry 9
10 |
01 /
(cosO sin0) //
N >0 ----mm--- s 0 -
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30 >0 - »R
’ ()
(5) > @ o
R, R} R,
. 1 0 0
)| Qeegeme) o)
\
R2 R3
Yz <(1)8> (100) x
01
(cos @ sinf)
R ----m--- > 0 —-------- » 0 -7
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f ‘
1(®) |
/ 0 .
/ 0) o 100) o
0 Rz (1) R?’ (010) R)Q(y
\ \ y
. 10 0 !
—sin @ —sin
() Gegme) oo« |
+
2 3
Ry- (0 o> R (100) Ry 9
10 /
01 /
(cosO sin0) //
R ----m--- > 0 —-------- s 0 -
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1)
/ 0 .
/ 0) o 100) o
0 Rz (1) R?’ (010) R)Q(y
\ y
. 10 0
—sin @ —sin
)| Ceee) oo«
+
2 3
Ry- (00) R (100) Ry 9
10 /
01 /
(cosO sin0) //
R ----m--- > 0 —-------- s 0 -
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1)
/ 0 .
/ 0) o 100) o
0 Rz (1) R?’ (010) R)Q(y
L y
. 10 0
—sin @ —sin
)| Qo) oo«
oV
2 3
Ry- (00) R (100) Ry 9
10 /
01 /
(cosO sin0) //
R ----m--- > 0 —-------- s 0 -
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1)
/ 0 .
/ 0) o 100) o
0 Rz (1) R?’ (010) R)Q(y
L y
. 1 0 0
—sin @ —sin
) Qo) oo«
[ ] 2 """""" .\1/3
Ry- (00) R (100) Ry 9
10 /
01 /
(cosO sin0) //
R ----m--- > 0 —-------- s 0 -
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ey 0 e > 0 --------- » R 2y
1o
,, ® Lo :
0 R, R3 R)%y
A y
. 10 0
) Qo) oo«
[ ] 2 """""" .\1/3
Kz (00> R ooy B J
10 |
01 /
(cosO sin0) //
R ----m--- > 0 —-------- s 0 -
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oy 0 >0 - »'R il

@)
/ 0 .
" (8) o288 22
0 R, 1 "R3 1010 R2
X g y
. 10 0
—sin @ —sin
)| Qo) oo«
.'2 """""" .\1/3
Ry- (00) R (100) Ry 9
10 /
01 /
(cosO sin0) //
R ----m--- > 0 —-------- s 0 -
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oy 0 >0 - »'R il

1o
/ 0 .
| (§) o 2822
0 R, 1 "R3 1010 R2
X g y
. 10 0
- ¢ —sin
()| Cegen) oo«
o 6‘1’3
Ry, (00) R (100) Ry 9
10 /
' 01 /
(cos6 sinQ) //
*R - >0 ----mm--- s 0 -
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oy 0 >0 - »'R il

e
" (8) o G2y sz
I ° e
0 Rz 1 R3 010 R)Q(y
L y
. 1 0 0
—sing (O cose—sin6'>
<C°SG ) Osin‘9 cos (10) X
o ‘0‘1’3
Kz (00 R oo B 9
B |
' 01 /
(cos sinf) //
o J— >0 ----mm--- s 0 -
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The circular sequence
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X—p Y 7
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< X

ﬂ;
N
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<X
VA
~ -
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Kyr——Y —» 7
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/\l\

Kor—Y — Z—>»1L,

v

\l_/“

Ly
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The circular sequence (aka kernel-cokernel sequence). For every pair
of composable morphisms

X4y Yz,
the induced sequence
0O—K, — Ky —K, —L,—L,—L,—0

is exact.
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The circular sequence (aka kernel-cokernel sequence). For every pair
of composable morphisms

X4y Yz,
the induced sequence
Kyp»— Ky — K, — L, — L,y — L,

is exact.
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@ C. H. Dowker. Composite morphisms in abelian categories. Quart. J. Math.
Oxford Ser. (2), 17:98-105, 1966.

@ Johann B. Leicht. Uber die elementaren Lemmata der homologischen Algebra
in quasi-exacten Kategorien. Monatsh. Math., 68:240-254, 1964.
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@ C. H. Dowker. Composite morphisms in abelian categories. Quart. J. Math.
Oxford Ser. (2), 17:98-105, 1966.

@ Johann B. Leicht. Uber die elementaren Lemmata der homologischen Algebra
in quasi-exacten Kategorien. Monatsh. Math., 68:240-254, 1964.

5 Thanks! It surprises me that there are two fundamental diagram chase lemmas concerning the kernel and
cokernel of maps, but that one of them is substantially more famous than the other... | had never
encountered the kernel-cokernel exact sequence before, but have been exposed to the snake lemma
countless times. — Terry Tao Dec 23, 2023 at 22:02

mathoverflow.net/questions /460926
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Proposition. Any morphism

XYy ‘7z

LD

X/ﬁylﬁzl
u v

from vu to v/u/’ induces a morphism for the corresponding circular sequences

KU K\/u KV LLI LVU LV

I

Kul — Kvlu/ — KV/ — Lul — Lvlu/ —» LV/
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X/

Y —— 7
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X/

VAN

Y —— 7
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Y —— 7
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KLI Kvu KV LLI LVLI LV

I

Ku/ —r Kv/u/ — KV/ — Lu/ — Lv/u/ —>» LV/
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Snake Lemma. If

is a commutative diagram with exact rows, then there is an exact sequence
given by the dashed arrows below.

oy Ko ooy K == K =
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Snake Lemma. If

is a commutative diagram with exact rows, then there is an exact sequence
given by the dashed arrows below.
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Second proof

Element-free, by using the circular sequence
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|

<>
'TITW
H
w0

!
gl
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m 45—
L
O
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A-faB 5 C

D>—>ET>F

hgf =0
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AT B %I

Kh>—>ET>F

hgf =0
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ET>F
hgf =0
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Possible compositions for lg
E

Vitor Gulisz A Tale of Two Sequences April 12, 2024 22 /24



Vitor Gulisz A Tale of Two Sequences April 12, 2024



AL B
Possible compositions for J/g
E— F
h
of A-fyB- & F
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gf A-LsB-E E
L
(hg)f AL B2 F
|l
hef) AL EIF
f
(N
hg B4 E-"F
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Kr K K, L¢ Ler —» Lg
L] Il
Kr A Khg Ly F Ls
I I
K, A K Lgr F Ly
I I
Ky > Kng K Lg Ls Ly
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Kr K, K, X L¢ Ler —» Lg
L] L
K —— A —— Kpg —» K Lf F L

| | ! |

K. A Ky Ly =— Lgg — F — Ly
Kh

14 Lg L Ly
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T I L

U | 1]

K. A Ky Ly =— Lgg — F — Ly
Kg — th Kh Y Lg LS Lh
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L 1 I
Ki —— A —— Kpg — K L¢ F Ls
I I
K A Kh L, — Lgf — F — Lh
LD I
Kg — th Kh Y Lg L Lh
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L 1 I
Ki —— A —— Kpg — K L¢ F Ls
I I
K A Kh L, — Lgf — F — Lh
LD I
Kg — th Kh Y Lg L Lh
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X —= L — Lgr — Lg

| T 7 ) |l

K —— A —— Kpg —» A Lf F L
K. A K B — Lgg —— F — Ly
Kg — th K yL ‘l—g o -
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Thank you!
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