DEFORMATIONS OF GORENSTEIN-PROJECTIVE MODULES
OVER NAKAYAMA AND TRIANGULAR MATRIX ALGEBRAS

José A. Vélez-Marulanda

VALDOSTA STATE UNIVERSITY

MAURICE AUSLANDER DISTINGUISHED LECTURES AND INTERNATIONAL CONFERENCE
APRIL 24-29, 2019

WooDSs HOLE, MA



(GORENSTEIN-PROJECTIVE MODULES

e In this talk, we assume that k is an algebraically closed field of arbitrary characteristic and
that all our modules are finite-dimensional over k.

Definition 1. (E. ENOCHS, O. JENDA, 1995) Let A be a finite dimensional k-algebra. A A-
module V is said o be Gorenstein-projective if there exists an acyclic complex of projective
A-modules i B . :

p*:...»p225,p12 ,pol, plop2 . .
such that Homy (P*, A) is also acyclic and V = coker &°.

e We denote by A-Gproj the category of Gorenstein-projective left A-modules, and by
A-Gproj its stable category.

e A isself-injective if and only if every left A-module is Gorenstein-projective.

e If A has finite global dimension, then every Gorenstein projective left A-module is projec-
five.

e There are finite dimensional k-algebras A of infinite global dimension such that every
Gorenstein-projective left A-module is projective (see e.g. (X.-W. CHEN & Y. YE, 2014)).

e (R.-O.BucHWEITZ, 1987) If Ais Gorenstein (i.e. A has finite injective dimension as a left and
right A-module), then

Dsg(A-mod) = D (A-mod) /K (A-proj) = A-Gproj.
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(GORENSTEIN-PROJECTIVE MODULES

Finitely generated Gorenstein-projective modules are also known as:

e Modules of Gorenstein-dimension zero (M. AUSLANDER & M. BRIDGER, 1969).

e Maximal Cohen-Macaulay modules provided that A is Gorenstein (R.-O. BUCHWEITZ,
1987).

e Cohen-Macaulay modules (A. BELIGIANNIS & |. REITEN, 2001).

o Totally reflexive modules (L. AVvRAMOV & A. MARTSINKOVSKY, 2002).

Explicit descriptions of finitely generated Gorenstein-projective modules have been found for
the following classes of finite dimensional k-algelbras (this list may be incomplete).

e Basic connected Nakayama algebras with no simple projective modules (C.M. RINGEL,
2013).

Triangular matrix algebras (P ZHANG, 2013).

Gentle algebras (M. KALCK, 2015).

2-Calabi-Yau ftilted algebras (A. GARCIA ELSENER, R. SCHIFFLER, 2017).

Monomial algebras (X.W. CHEN, D. SHEN, G. ZHOU, 2018)
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(GORENSTEIN-PROJECTIVE MODULES OVER NAKAYAMA ALGEBRAS

e From now on we assume that A is a basic connected finite-dimensional k-algebra, i.e., A
is of the form kQ/ I, where Q is a finite quiver and [ is an admissible ideal of kQ.

e Recdall that A is said fo be a Nakayama algebra if every left or right indecomposable
projective A-module has a unigue composition series.

Theorem 2. A is a Nakayama algebra with no simple projective modules if and only if A =
kQ/I, where Q is the quiver:

ap aq an—2
Cy: @ ° °
0 \/ n—1
ap—1

forsomen > 1.

Theorem 3. (C. M. RINGEL, 2013) Let A be a Nakayama algebra with no simple projective
modules. A left A-module V is Gorenstein-projective if and only if there exists an exact se-
quence of A-modules

O—=-V-—->P_1— =P —=V—=0,

where each P; is a minimal projective A-module, i.e., no proper non-zero submodule of P; is
projective.,
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RUNNING EXAMPLE: THE NAKAYAMA ALGEBRA A WITH ADMISSIBLE SEQUENCE

c¢(A) = (10,10,9,9)

Consider the Nakayama algebra whose quiver and admissible sequence are given by

° ° ° ° c(A) = (10,10,9,9).

e Note that A is a non-self-injective k-algelra.
e The minimal projective left A-modules are given by P; = ng]l P = Sgg] and Py = Sf].

e Forexample ng] is Gorenstein-projective for we have a exact sequence of left A-modules

O—>S£2] —>P1—>P4—>P4—>P3—>P3—>P1—>S£2] — 0.
Definition 4. (C. M. RINGEL. 2013) Let A be a basic Nakayama algebra without simple pro-
jective A-modules.

e \We denote by ¢ (A) be the subcategory of A-mod whose indecomposable objects are
the indecomposable non-projective Gorenstein-projective left A-modules as well as their
corresponding projective covers. We call € (A) the Gorenstein core of A.

e \We also denote by &(A) be the class of non-zero indecomposable Gorenstein-projective
A-modules E such that no proper non-zero factor module of E is a Gorenstein-projective
A-module. Then the objects in &(A) are the simple objects in ¥ (A) called the elementary
Gorenstein-projective modules of A.
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(GORENSTEIN-PROJECTIVE MODULES OVER NAKAYAMA ALGEBRAS

Theorem 5. (C. M. RINGEL. 2013) Let A be a basic Nakayama algebra without simple pro-
jective A-modules and denotfe by s = s(A) the number of isomorphism classes of simple left
A-modules.

(i) Every objectV in€(A)) has a filtration with composition factors in &(A). Thus € (A) is an
abelian length category in the sense of (P GABRIEL, 1973).
(i) There exists a basic connected self-injective Nakayama algebra A’ such that the cat-
egories € (A) and A’-mod are equivalent.
(i) If&(AN) = {E,...,Eq} and p; is the length of the projective A-module cover P(E;) of E;
foralll <i < g withs < p;, then A" has exactly e = e(A’") = g isomorphism classes of
simple A’-modules and the Loewy length ¢4(A") of A’ is given by

P -
CU(N) = 3 ) . i
iz
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THE AUSLANDER-REITEN QUIVER OF THE NAKAYAMA ALGEBRA WITH ADMISSIBLE SEQUENCE

c¢(A) = (10,10,9,9)

ng SPN
A N A N
S?] Sf] Sg] Sf] S?]
N A N A N A N A
S?] Sf] Sf] Sf]
A N A N A N A N
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N A N A N A N A
Sf] S¥] Sf] Sg]
A N A N A N A N
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THE AUSLANDER-REITEN QUIVER OF THE NAKAYAMA ALGEBRA WITH ADMISSIBLE SEQUENCE

c¢(A) = (10,10,9,9)
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THE NAKAYAMA ALGEBRA A WITH FOUR VERTICES AND ADMISSIBLE SEQUENCE

c¢(A) = (10,10,9,9)

silo) sito) &(A) = {5,535,
A N Vd N
sl % st s s % (A) = {51,53,54}
N Vd N Vd N Vd N A
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THE CATEGORIES €’ (A) AND A’-MOD

Sglo] 54[19} SLL?} Sglo} S/ £7] S/gﬂ S/gﬂ S/ gﬂ
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Figure 1: The Auslander-Reiten quivers of ¥’ (A) and A’-mod
8] 2]

Example 6. Note e.g. that \S%S] | (a) = 6 for the composition factors of S;™ in &(A) are S, Ss,
S5, S, 85, 4.
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VERSAL DEFORMATION RINGS OF MODULES OVER FINITE DIMENSIONAL ALGEBRAS

Theorem 7. Lef A be a finite dimensional k-algebra and V a left A-module.

() V always has a versal deformation ring R(A, V) which is a local complete commutative
Noetherian k-algebra with residue filed k, and which is further universal provided that
End, (V) = k. Moreover, versal deformation rings are invariants under Morita equiva-
lence (F. M. BLEHER-JVM, 2012).

(i)  Versal deformation rings of non-projective modules are invariant under stable equiva-
lence of Morita type between self-injective finite dimensional k-algebras (F. M. BLEHER
JVM, 2017).

(i) If A is Frobenius and V is non-projective, then the versal deformation rings R(A, V) and
R(A,QV) are isomorphic (F. M. BLEHER, D. WACKwITZ, 2019).

(iv) Versal deformation rings of Gorenstein-projective modules are invariant under singular
equivalences of Morita type (in the sense of X. W. Chen & L. G. Sun) beftween Gorenstein
k-algebras (V. BEKKERT, H. GIRALDO, JVM,2019).

(v) If A is a monomial algebra in which there is no overlap (in the sense of ( X. W. Chen,
D. Shen & G. Zhou, 2018)) and V is Gorenstein-projective, then R(A, V) is universal and
isomorphic to k or to k[[t] / (+*) (V. BEKKERT, H. GIRALDO, JVM,2019).
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UNIVERSAL DEFORMATION RING OF GORENSTEIN-PROJECTIVE MODULES OVER A CYCLE

NAKAYAMA ALGEBRA

Theorem 8. (F. M. BLEHER AND D. J. WACKwITZ, 2019) Assume that A is a self-injective (so
Frobenius) Nakayama k-algebra, and lef V be an indecomposable non-projective leff A-
module.

() The versal deformation ring R(A, V) is universal.
(i) The universal deformation rings R(A, V) and R(A,QV) are isomorphic in C.
(i) Moreover, R(A,V) is isomorphic either to k, or k[[t]/(t?), or determined as a quotient
ring of a power series ring over k in finitely many variables by the shortest distance dy of
the isomorphism class of V fo the boundary of the stable Auslander-Reifen quiver of A.

Theorem 9. (JVM, 2019) Let A be a Nakayama k-algebra with no simple projective modules
and with €(A) # 0. Let V be an indecomposable non-projective Gorentein-projective left
A-module in € (A).

() The versal deformation ring R(A,V) is isomorphic to R(A!, V') in C, where A’ is a self-
injective Nakayama k-algebra. In particular, R(A, V') is also universal and isomorphic fo
R(A,QV)inC.

(i)  Moreover, R(A,V) isisomorphic either tok, ork[t]/ (t?), or determined as a quotient ring
of a power series ring over k in finitely many variables by the shortest distance deg(n),v
of the isomorphism class of V fo the boundary of the stable Auslander-Reiten quiver of
C(N).
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UNIVERSAL DEFORMATION RING OF GORENSTEIN-PROJECTIVE MODULES OVER A CYCLE

NAKAYAMA ALGEBRA

Example 10. Let A’ be the self-injective Nakayama k-algebra with admissible sequence
c(A") = (7,7,7) discussed before. Then the universal deformation rings R(A’, V') of the in-
decomposable A’-modules V' are described below, where dy» denotes the shortest distance

of V' to the boundary of the stable Auslander-Reiten quiver of A’.

R(A, V')

k[t]/(#)

k(1] /(#)
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UNIVERSAL DEFORMATION RING OF GORENSTEIN-PROJECTIVE MODULES OVER A CYCLE

NAKAYAMA ALGEBRA

Let A be cycle Nakayama k-algebra with admissible sequence ¢(A) = (10,10,9,9) discussed
before. Then the universal deformation rings R(A, V) of the indecomposable Gorenstein-
projective left A-modules V in ¢’(A) are described below, where d )y denotes the shorfest

distance of V to the boundary of the stable Auslander-Reiten quiver of €(A).

deg(n),v R(A,V)
510 5l 5l 5o - .
N A N A N A
si# % sl 0 k
A N A N A N
sle! sl % sle! 1 Kk
N A N A N A
518 5l 518 ) KL/ ()
A N A N A BN
sls 5l8 gle sls ) KL/ ()
N A N A N A
% s s 1 k
A N A N g N
gl Sy Ss gl 0 k
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(GORENSTEIN-PROJECTIVE MODULES OVER TRIANGULAR MATRIX ALGEBRAS

Recall that a finite dimensional k-algelbra X is a triangular matrix k-algebra if % is of the form

where A and I' are finite dimensional k-algebras and B is a A-I-bimodule.

e A leff Z-module is of the form (X/) ,where V is a left A-module, W is a left '-module and

f
f:B®rW — Visa A-module homomorphism.

/

v ) is of the form
f/

/

e A X-module homomorphism between two left X-modules (I/Y/) and (
f
It %4 %4 . . )
: — .where a : V= V'is a A-module homomorphism, g : W — W' is a
f f!

Bl \w W’
I'-module homomorphism, and f’ o (idg ® B) = a o f.

Definition 11. (P ZHANG, 2013) We say that the A-I'-bimodule B is compatible if satisfies the
following conditions:

() If Q® is a exact sequence of projective I'-modules, then B ®@r Q° is also exact.
(i) If P*is a complete A-projective resolution, then Homy (P°®, B) is also exact.

In particular, if B has finite projective dimension as a left A-module and as a right I'-module,
then B is compatible.
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(GORENSTEIN-PROJECTIVE MODULES OVER TRIANGULAR MATRIX ALGEBRAS

Theorem 12. (P ZHANG, 2013) Let £ be a friangular mafrixk algebra as before with B a com-

patible A-T'-bimodule, and let (X/) be a leff X-module.
f

0, (X/) Is Gorenstein-projective if and only if the A-module homomorphism f : B&r W —

V is injective, coker f is a Gorenstein-projective leff A-module, and W is a Gorenstein-
projective left I'-module.

(i) Moreover, V is a Gorenstein-projective left A-module if and only if B @r W is also a
Gorenstein-projective left A-module.

(i) Assume that B is projective as a leff A-module and X is Gorenstein with T of finite Goren-
stein dimension. Then the operator

i' . 2-Gproj — A-Gproj M

defined by (X/) — V. induces an equivalence of stable categories
f

i': 2-Gproj — A-Gproj 2)

whose quasi-inverse is given by the functor i, : A-Gproj — X-Gproj which sends every

non-projective Gorenstein-projective left A-module V' fo (Z) .
0
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VERSAL DEFORMATION RINGS OF GORENSTEIN-PROJECTIVE MODULES OVER TRIANGULAR

MATRIX ALGEBRAS

Theorem 13. (JVM, 2019) Let £ be a triangular matrix k-algebra as before. Assume that B is

projective as a leff A-module and ¥. is Gorenstein with T’ of finite global dimension. Let (X/)

f
be a Gorenstein-projective left *-module. Then V is a Gorenstein-projective leftf A-module

and the versal deformation rings R (Z, (X/) ) and R(A, V) are isomorphic in C.

f
Example 14. (B. L. XIONG, P ZHANG, 2012) Let £ be the k-algebra defined by the quiver with
relations
Qs —testu ), p=17%)
T 2 3 '

e Then X is the triangular matrix k-algebra as before, where A = k[x]/(x%), T is given by the
quiver: LN . and B = e3X(1 —e3). Moreover, B = A @ A as left A-modules, and B = e, & e,

as right I'-modules.
e The indecomposable non-projective Gorenstein-projective left X-modules are given by
the following representations:

Uy = 0—>0—=k__ )o, U = 0—>0—=k2_ )} 7).
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VERSAL DEFORMATION RINGS OF GORENSTEIN-PROJECTIVE MODULES OVER TRIANGULAR

MATRIX ALGEBRAS

e Note that QyU; = U,, and that Endy (U;) = k = Endy (U,), and for i = 1,2, we have that
Ext: (U;, U;) = k. Then the versal deformation ring R(X, U;) is universal and a quotient of

k[t].
e Let S be the unique simple left A-module. Since A is a self-injective Nakayama k-algebra
with Loewy length 3, we have that

R(X,U;) = R(A,S) =2 R(A,QxS) = K[t]/(£).
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