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Category of modules over repetitive algebras

Repetitive Algebras

o Let A be a finite-dimensional k-algebra over field k.
@ For simplicity, we assume that A is basic and k is algebraically closed.

@ Denote by D = Homg(—, k) the standard duality on A-mod.

Let us construct the repetitive algebra Aof Aas proposed by D. Hughes and J.
‘Waschbiisch (1983).

@ The underlying vector space of repetitive algebra Als given by

o~

A = (®iczA) ® (PiczDA),
a = (ai,i)icz wWith a; € A, p; € DA and almost all a;, ; being zero.
@ The multiplication is defined by

a-b= (ai, pi)iez - (bi, ¥i)icz = (aibi, aiv19i + @ibi)icz.
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Category of modules over repetitive algebras

A A-module M = (M, fi)iez, where the M, are A-modules, all but finitely many
being zero (finitely generated left module), the f; are A-homomorphims
fi :DA®aA M; — M;+1, such that fi+1(1 X fz) =0forall: € Z.
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ry of modules over repetit;

A A-module M = (M, fi)iez, where the M, are A-modules, all but finitely many
being zero (finitely generated left module), the f; are A-homomorphims
fi :DA®aA M; — M;+1, such that fi+1(1 X fz) =0forall: € Z.

Instead of M = (M, f;)icz we also write:

fi—1 fi

M : o My A My ~P Mg~ e
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Category of modules over repetitive algebras

A Zl\—homomorphism h:M = (M, fi)iez — N = (Ni, gi)icz between
A-modules is a sequence h = (h;)iez of A-homomorphims
fi
DA®a M; — M1
1®h; hit1

DA®a Ni > Niy1.
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Category of modules over repetitive algebras

A Zl\—homomorphism h:M = (M, fi)iez — N = (Ni, gi)icz between
A-modules is a sequence h = (h;)iez of A-homomorphims

fi
DA®a M; ——> M1
1®h; hit1

DA®a Ni > Niy1.

Instead of h = (h;)iez : M = (M, fi)iecz — N = (Ns, gi)icz We also write:

fi—1 fi
M - ci o My~ M~ My~
h hi—1 hi hit1
gi—1 9i
N ~~~> N; 1~~~ N; ~~ Njp g~
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Category of modules over repetitive algebras

@ We denoted by A-mod the category of finitely generated left modules over the
repetitive algebra A.

@ We denoted by A-mod the stable category of A-mod.
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© Shapes of the irreducible morphisms
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Shapes of the irreducible morphisms

Definition

An A\—homomorphism h = (hi)icz : M = (M, fi)icz — N = (Ni, gi)icn:
@ is called smonic (resp. sepic) if all its components h; are split monomorphisms
(resp. split epimorphisms) and
@ s called sirreducible if there is exactly one index vo such that h,, is irreducible
morphism and h; is a split epimorphism for i < o and a split monomorphism
fori > to.
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Shapes of the irreducible morphisms

Shapes of the irreducible morphisms

Theorem (-, 2017, [2])

Let h: M = (M, fi)icz — N = (Ni, gi)icz be an irreducible homomorphism in
A-mod. Then one of the following conditions holds:

@ h is a smonic morphism;

Q h is a sepic morphism;

Q h is a sirreducible morphism.
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Shapes of the irreducible morphisms

Irreducible smonic

fa—1 fa I
My 1 ~~n> Mg "> Mg ] S S My s> My g
1 (1,0* (1,0)* (1,0* (1,0)*
Mg _1 W\)MG@N(; Wd\»Ma+1@N(’l+1 PN N A U W\be@N{) ’\/\Id\be+1®N{)+1'
a—1 a b

where h[q 3] is the mono heart of h.

Forall i < a — 1 we have that d; = f; and dg—1 = (fa—1,0)".

Fora <17 < b,
fi b . .
di = 0 3 ,withb; # 0 foralla <1 <b.
Foralli > b,
P fZ 0 UNIY \]IJI;IP
d’L - 0 gl . DE ANTIOQUIA

ombia rreduci d Auslander-Reiten



Shapes of the irreducible morphisms

Irreducible sepic

dg—1 dg dp
N(L71®N[é_l ’\/\/\PN(:,@JW(/I W‘PNa+1@M(;+1 ~—e~ wa@Afé ~~> Ny
(1,0) (1,0) (1,0) (1,0) 1
- Ng_1 ~~~~~5> Ny ~~~~~~ N A~~~ - A~~~ N e~ N s
a—1 Pyl a P a+1 b 9 b+1

where h[q ) is the epi heart of h.

For all ¢ > b, we have that d; = g; and d» = (gs, 0).
Fora <i<b,

di=( 9 ]?{ with ¢; # 0 foralla < i < b.

Forall i < a,
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Shapes of the irreducible morphisms

Irreducible sirreducible (monomorphism)

k dp—1 Fr Tr41
A~~~ Np 2"’\">Nk 1’\/\/\>Mk’\/w\/\>1\/jk+1’\I\I\IV\I\/>]\4k+2F\/\A/\/\>«

1 1 hp (1,0)t (1,0)t
S Np g~ Np g~ N~ My @ N;C+1 ~m= Mo @ N}’c+2 A~
Ik—2 Ik—2 dg dkt1

where hy, is an irreducible A-monomorphism.

Fori > k,
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Shapes of the irreducible morphisms

Irreducible sirreducible (epimorphism)

dp_2 dy

, Te+1
~> Ny © M)

—1 fk
""\’V\;’N’C—2@Ml,c— > My~ My~ Mg

2 1

(1,0) (1,0) hp 1 1

s~~~ Np g > N ) > N rVV\>1VIk+1 »\A/\;,I\/Ik+2f\AA>
Ik —2 Ik —2 dy, Flt1

where hy, is an irreducible A-epimorphism.

Fori < k,

0 fi
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Shapes of the irreducible morphisms

Proposition

Leth : M = (M, fi)iecz — N = (Ns, gs)icz be a homomorphism in A\—mod, such
that M and N have not projective summands and let h be its stable class in A-mod.
Then, h is split mono (resp. split epi) if and only if h is split mono (resp. split epi).

Proposition

Let h : M = (M, fi)icz — N = (Ni, gi)icz be a homomorphism in A-mod,
such that M and N have not projective summands and let h be its stable class in
A-mod. Then, h is irreducible if and only if h is irreducible.

A
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Auslander-Reiten Tria

Section

© Shapes of Auslander-Reiten Triangles
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Shapes of Auslander-Reiten Triangles

@ The category A-mod has almost split sequences (1983 D. Hughes and J.
Waschbiisch).

© The category A-mod is a Frobenius, and the category A — mod is triangulated
(1988 D. Happel).
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Shapes of Auslander-Reiten Triangles

Shapes of Auslander-Reiten Triangles

Theorem (-, Y. Calder6n-Henao, and JA. Vélez-Marulanda, preprint,

u v w
Let M = (M, fi)iez. — N = (Ni, gi)iez — L = (L, Li)icz — T(M) (1)
be an Auslander-Reiten triangle in A — mod. Then there exist an almost split

sequence
u v
{ D
0— M N&eP L—0

in A — mod, with P an A- projective module, such that the triangle induce by this
sequence is isomorphic to (1). If P # 0, then P is indecomposable, rad(P) = M,
and L = P/soc(P).
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Shapes of Auslander-Reiten Triangles

Shapes of Auslander-Reiten Triangles

Theorem (-, Y. Calderén-Henao, and JA. Vélez-Marulanda, preprint, [1])
Let M = (M, fi)iez — N = (Ni, gi)icz — L = (Li, li)icz — T(M) be an
Auslander-Reiten triangle in A — mod. Then

Q If u is smonic, then v is sepic.

Q Ifuis sepic, then v is sirreducible.

@ Ifw is sirreducible, then v is smonic or sirreducible.
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Shapes of Auslander-Reiten Triangles

The quiver of a repetitive algebra

Theorem (1999 J. Schréer)

Let Q by a finite quiver, and let p be a set of relations for Q) which are either
zero-relations or commutativity-relations such that (Q, p) is locally bounded. Let
(@ , p) be constructed as in (1999 J. Schréer). Then k@ / < p > is the repetitive
algebra of kQ/ < p >.

Theorem (1991 C. M. Ringel and 1999 J. Schréer)

Let A be a finite-dimensional k-algebra. Then

A is gentle if and only if Ais special biserial.
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Shapes of Auslander-Reiten Triangles

Example

Let A; be the finite dimensional algebra given by the quiver

B . . . o
Q: e <> e <" o . Theradical series of the indecomposables projective,
1 2 3

injective and simples left A;-modules are given as follows:

3
2
Pi=1 S=2 S3=3, Py= L Ps= 2 y L=
1

The Auslander-Reiten quiver of A; is the given as follows:

/N
FERR e

RSIDAD
10QUIA
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Shapes of Auslander-Reiten Triangles

Recall that @ is given by

e <——— o <— o
2.41 Bzt1 3,41

e <— o <— o
1,1 2,1 Ba-1 3,4
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Shapes of Auslander-Reiten Triangles

1. 2, 3z
l l l
3.1 1. 2
2.1 32-1 1.
l l l
11 2z-1 321
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Shapes of Auslander-Reiten Triangles

The stable Auslander-Reiten quiver of ;ﬁ is given by

2. 3 1.1 2.41 3241

1. < 2. 32 < 141 < 2241
32—\ /12\ /ZZ /3 \4 /1z+1
/ \ / \ Ve N /z“

1.41¢ z+1
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Shapes of Auslander-Reiten Triangles

Auslander-Reiten triangle in z/’l\l-nlod

22
1. 0
3z—1

i sepic
2,
0 0 0
1.
l sirreducible

— N WP N —— N
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Shapes of Auslander-Reiten Triangles

Auslander-Reiten triangle in A;-mod

—z—1 —z

32 0 3 0 0

smonic

1z+1
3z

sepic

1,41 1 0 0 0
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Shapes of Auslander-Reiten Triangles

Auslander-Reiten triangle in A;-mod

1. 0 1 0 0
l l sirreducible
2, 2
0 0 0
1. 1
l sirreducible

&
o
[\
o
o

—
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Shapes of Auslander-Reiten Triangles

Auslander-Reiten triangle in z/’l\l-nlod

DO
n

o
o
o

—_
n
—_

sirreducible

«—

n

N W
o
o
o

n

2
l smonzic

1.
+1 3
32 0 1 0

[\
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Shapes of Auslander-Reiten Triangles

Let A2 = kQ/I be the finite dimensional algebra given by the quiver Q:=

b
T . Do o
a C ° o , where I =< a?, b, cb >. We have the quiver Q) is given
0N 7
c
by
bay1
— T
Az41 C [ ) [ ]
0241 SN~ ~—N N 141
Cz+4+1
gz+1
bz
az C ° [ ]
0 1z
Cz
az
bz—l
— T 5
az—1 [ ] [ ] UNIVERSIDAD
Oz—l \_/ 12_1 DE ANTIOQUIA




Shapes of Auslander-Reiten Triangles

Auslander-Reiten triangle in z/’l\-z-nlod

0
0 0
‘1 0 0— 0
z 1
12—1
OZO l sirreducible
1Z Ozfl 0 0
=1 —0—> 00— 1— 0——
z—1 1 1
12—1
1. o sirreducible
0271
Ozfl O
1 0 0 1 0 .
z—1 1
1Z72 =
DEANTIOOUE
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Shapes of Auslander-Reiten Triangles

Auslander-Reiten triangle in z/’l\-z-nlod

1., —z —z+1
0271 Oz 1
0.1 1. 0, —1 79 — 0 O@Q 00—
1z—1 12 1 1
1zfl .
smonic
1.1 1 0 ) 1
0. 0.8 0~ &
0.y ;@ —1 70 ——0 &L
==l 1, 1. 1 1
z—1 12_1
sepic
1. 1 0 0
o]
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Shapes of Auslander-Reiten Triangles

Thanks
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