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DEFINITION.- Let D = (D,A,Y) be a triangulated
category (for us in this talk, always with arbitrary co-
products). A t-structure in D is a pair (U,XV) of full
subcategories such that:

a) (U,V) is an orthogonal pair
b) SU CU (or -1V C V)

c) for each X € D, there is a triangle

UO—X—V +>,

with U el and V € V.

In this case U/ is called the aisle, V = U+ the co-aisle,
and H :=U N XV the heart of the t-structure.

PROPOSITION (Beilinson-Bernstein-Deligne).- The
heart H is an abelian category (which in our case is also
cocomplete) on which the short exact sequences are the
triangles in D with their three vertices in H.



EXAMPLE OF T-STRUCTURE (Happel-Reiten-Smal()).-
Let G be a Grothendieck category and let t = (7, F) be
a torsion pair in G. Then (U, XV,) = (U, XU) is a t-
structure in D(G), where:

U, = {X e D=U(G): H'(X) e T}
SV ={Y e D="4G): H'(Y) € F}.

The corresponding heart H; = U; N XV; consists of the
complexes M such that H (M) € F, H'(M) € T and
H(M) =0, for all i # —1,0.

REMARK.- If t = (G,0) in the above example, then
(U, Vi[1]) = (D=°(G),D="(G)). This is the canonical t-
structure. Its heart H consists of the complexes whose

homology is concentrated in degree 0, so that we clearly
have H = G.



DEFINITION.- An abelian category G is said to be
ABS5 or to have the ABS5 property when it is cocomplete
and direct limits are exact in G. If, in addition, G has a
generator, then G is called a Grothendieck category.

ITERATIVE EXAMPLE: If [/ is any small category
and G is any Grothendieck category, then the category
Gl = |1, G] of functors I — G is again a Grothendieck cat-
egory with all limits and colimits caculated pointwise.
In particular, the category of chain complexes C(G) is a
Grothendieck category.



DEFINITION (Gabriel-Zisman).- Let C be a category
and S be a class of morphisms in C. The localization of
C by S is a pair (C[S7!],q), where:

1. C[S7'] is a category and ¢ : C — C[S7!] is a functor
such that ¢(s) is an isomorphism, for all s € S;

2. The pair is universal with respect to property 1

REMARK.- The localization C[S™!'] may not exist in
general, but, when it exists, one has that Ob(C[S7!]) =
Ob(C) and the functor ¢ : C — C[S7!] is the identity on
objects.

EXAMPLE.- A (bicomplete) model category is a (bi-
complete) category C together with a triple of classes of
morphisms (W, B, F), called respectively the weak equiv-
alences, the cofribations and the fibrations, satisfying
certain axioms that guarantee the existence of functo-
rial factorizations of morphisms f = aof and f = vy o4,
such that c e WNF, € B,y F and 0 € WNB. In such
case the localization C[)V~!] =: Ho(C) exists and is called

the homotopy category of the model category.



A PARTICULAR EXAMPLE.- Let C = C(G) be the
category of chain complexes over the Grothendieck cat-
egory G and consider (W, B, F) as follows:

- W = qis is the class of quasi-isomorphisms (i.e. mor-
phisms which induce isomorphisms on homology)

- B is the class of monomorphisms

- F the class of epimorphisms with fibrant kernel (a

complex F' is fibrant when the map Homg) (Y, F) N
Homygg)(X, F') is an epimorphism, for each morphism u :
X — Y in WnNB).

The triple (W, B, F) defines a structure of model cate-
gory on C(G) usually known as the injective model struc-
ture on C(G). The homotopy category Ho(C(G)) = C(G)[qis™}]
is precisely the derived category of G.



THE MOTIVATING QUESTION: When is the heart
of a t-structure a Grothendieck category?

TWO PARTIAL RESULTS (Parra-Saorin, 2016-2017):

THEOREM 1.- The heart of the HRS t-structure in
D(G) associated to a torsion pair t = (7, F) is a Grothendieck
category if, and only if, F is closed under taking direct
limits in §

THEOREM 2.- If R is a commutative noetherian ring,
then almost all compactly generated t-structures in D(R—
Mod) have a heart which is a Grothendieck category.

MAIN TOOL TO PROVE THE AB5 CONDITION:
To lift some direct system (M;);c; in the heart (whence
in D(G)) to a direct system (M,);c; in C(G) in such a way
that q(lﬂgc(g) M;) = lim, M;, where ¢ : C(G) — D(G) is the
canonical functor. Then exactness of direct limits in

H is derived from the corresponding property in (the
Grothendieck category) C(G).



DEFINITION.- Let C'at denote the 2-category of small
categories and C'AT the 2-category of all categories. A
pre-derivator is a (strict) 2-functor D : Cat”? — CAT.
This means:

1. For each [ € Cat, D(I) is a category;

2. For each functor u: I — J in Cat, we have a functor
u* =D(u) : D(J) — D(I);

3.If a« : uw = v i1s a natural transformation of functors
in Cat, then we get a natural transformation o* =
D(a) : u* = v* of functors in C'AT.

4. Some (technical) compatibility conditions between
these functors and natural transformations.

DEFINITION.- A pre-derivator D : Cat®”? — CAT is a
derivator when it satisfies the following axioms:

- (Der.1) If ]],.; /i is a disjoint union of small cate-
gories, then the canonical functor D([[,.; J;) — [[,c; D(J;)
is an equivalence of categories.

- (Der.2) For any [ € Cat and any morphism f: X — )
in D(/), one has that f is an isomorphism if (and only
if) *(f) : i*(X) — i*()) is an isomorphism in D(1), for
each i € [.

- (Der.3) For each functor v : I — J in Cat, the asso-
ciated functor v* : D(J) — D(I) has both a left adjoint v
and a right adjoint u, (they are called the left and right
homotopy Kan extensions of u, respectively).

- (Der.4) The homotopy Kan extensions can be com-
puted pointwise



PROPOSITION (Groth).- If a derivator D : Cat”? —
C' AT is stable (whatever it means!), then D(/) is a trian-
gulated category, for each [ € Cat, and u* : D(J) — D(J)
is a triangulated functor, for each functor v : 7 — J in
Cat (and hence also u; and u, are triangulated) .

DEFINITION.- A strong derivator is a derivator D
such that, for each I € Cat, the canonical functor D(2 x

I) — D(I)? is full and essentially surjective, for all I €
Cat.



THEOREM (Cisinski).- Let (C,W,B,F) be a cocom-
plete model category and, for each [ € Cat, let WW; be
the the class of all morphisms in C! which are pointwise
in V. Then the localization C![WW; ] exists and the assig-
ment [ ~ D¢y (1) ;= C'[W; "] is the definition on objects
of a strong derivator, which is stable whenever the ini-
tial model category is stable. The base of this derivator
is Dew)(1) = CW™'] = Ho(C) is the homotopy category
of the given model category.

PARTICULAR CASE: Let G be a Grothendieck cate-
gory and consider the injective model structure on C(G).
Cisinski’s theorem says that, for each I € Cat, the cat-
egory C(G) = C(G') can be localized with respect to the
class W; of pointwise quasi-isomorphisms in C(G)!, which
can be identified with the class of quasi-isomorphisms in

C(G'). As a consequence, we get a strong stable derivator
Dg : Cat®” —s CAT such that Dg(I) = C(G) W, '] = D(GY).



DEFINITION.- Let D : Cat®? — C'AT be a strong sta-
ble derivator. A t-structure on D is a pair (U, XV) of sub-
prederivators of D such that (U(]),XV([)) is a t-structure
on D(/), for each I € Cat. The induced t-structure
U,XV) = (U(1),XV(1)) in D := D(1) will be called the
base of (U,XV).

REMARK.- Note that implicit in the definition above
is the fact that if v« : I — J is a functor in Clat, then
the triangulated functor u* : D(J) — D([) satisfies that
w*(U(J)) € U(I) and u*(V(J)) € V(I) (this is not true for
the Kan extensions of u!!!). In particular, when taking
I =1and u=j5:1 — J, where j € J, we get that
75 (U(J)) € U(Q) = U and 5*(V(J)) C V(1) = V. Therefore

we have inclusions:
U(J) C{X e D(J): X = 7' (X)el, for all j € J} = U;

and

V(J)C{YeDbJ): Y, =Y eV, forall jeJ} =V,



THEOREM 1 (Saorin-Stovicek-Virili 2018).- Let D :
Cat®? — C'AT a strong stable derivator with base D(1) =
D. The assignment (U, XV) ~» (U(1),XV(1)) gives a one-
to-one correspondence between

a) t-structures on the derivator D.

b) t-structures on D.

The inverse bijection takes (U,>V) ~» (U,XV), where
U(I) =U; and V(I) =V, for all I € Cat.

Moreover, if H; = U;NYV; is the heart of (U}, XV;), then
the canonical functor dia; : D(/) — D(1)! = D! induces
an equivalence of categories H; = H! , where H =UNXV
is the heart of the base.

DEFINITION.- Let D : Cat” — CAT a strong stable
derivator with base D(1) = D. A t-structure (U,XV) in D
is said to be homotopically smashing (wrt D) when, for
each directed small category (equivalent, each directed
set) I, the functor Hocolim : D(/) — D(1) = D satisfies
that Hocolim(V;) C V.

EXAMPLE.- Let t = (T,F) be a torsion pair in the
Grothendieck category G. The associated HRS t-structure
(U, >V;) on D(G) is homotopically smashing (wrt the
derivator Dg) if, and only if, F is closed under taking
direct limits in G.



THEOREM 2 (S-S-V 2018).- Let D : Cat”? — CAT
be a strong stable derivator with base D(1) = D, let
7= (U,XV) be a t-structure on D and let H =U N XV be
its heart. Consider the following conditions:

1. 7 is compactly generated.
2. 7 is homotopically smashing (wrt D).

3. H is an AB5 abelian category.
Then the implications 1) = 2) = 3) hold and 2) #= 1).

THEOREM 3 (S-S-V 2018).- Let C be a combinato-
rial stable model category, let A be an infinite regular
cardinal and let (/,XV) be a t-structure in D := Ho(C)
such that ) is closed under A-directed homotopy colim-
its. The heart H = U NXV, which is a cocomplete abelian
category, has a generator.

REMARK.- For C as in Theorem 3, the following are
examples of t-structures in D = Ho(C) satisfying the re-
quirement, for some infinite regular cardinal \. In par-
ticular their heart has a generator:

1. The t-structures generated by a set of objects.

2. The homotopically smashing t-structures (here one
can takes A\ = Ny).



COROLLARY 3 (S-S-V 2018).- Let C be a combinato-
rial stable model category and consider its homotopy
category Ho(C) (e.g. any well-generated algebraic or
topological triangulated category is of this form). If
T = (U,XV) is a homotopically smashing (e.g. com-
pactly generated) t-structure on Ho(C), then its heart
H=UNXY is a Grothendieck category.



