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Background—inverting morphisms in a category

Let A be a category, and let S be a class of morphisms in A. There exists
a functor F : A — S71 A so that

@ The functor F takes every morphism in S to an isomorphism.

o If H: A — B is a functor taking every morphism in S to an
isomorphism, then there exists a unique functor G : S71 A — B
rendering commutative the triangle

We call this construction formally inverting the morphisms in S.
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Reminder of the derived categories D& (A)

Let A be an abelian category. The derived category Dg/(A) is as follows:

@ Objects: cochain complexes of objects in A, that is

A2 A1 A0 Al A2

where the composites A\ — A1 — A™*2 || vanish. The subscript
¢ and superscript €' stand for conditions.

@ Morphisms: cochain maps are examples, that is

A2 AL Al Al A?

S

s B—2 B—l BO Bl B2

but we formally invert the cohomology isomorphisms.
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Example

Q If Ris a ring, D(R) will be our shorthand for D(R-Mod); the objects
are all cochain complexes of R-modules, no conditions.

Let X be a scheme

Q@ D, (X) will be our shorthand for D,c(Ox—Mod). The objects are the
complexes of Oy—modules, and the only condition is that the
cohomology must be quasicoherent.

© The objects of DPf(X) are the perfect complexes. A complex is
perfect if it is locally isomorphic to a bounded complex of vector
bundles.

@ Assume X is noetherian. The objects of D2, (X) are the complexes
with coherent cohomology which vanishes in all but finitely many
degrees.
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Definition (formal definition of triangulated categories)

The additive category T has a triangulated structure if:

@ It has an invertible additive endofunctor [1] : 7 — T, taking the
object X and the morphism f in 7 to X[1] and f[1], respectively.

@ We are given a collection of exact triangles, meaning diagrams in T
of the form X - v £ 7 -5 x[1].
This data must satisfy the following axioms
[TR1] Any isomorph of an exact triangle is an exact triangle. For

any object X € T the diagram 0 — X 4y X 5 0isan
exact triangle. Any morphism f : X — Y may be

completed to an exact triangle X LGV I SELN X[1].
[TR2] Any rotation of an exact triangle is exact. That is:
X L> y &z X[1] is an exact triangle if and only if

y =& 7 =h xp Z8 v s,
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Definition (definition of triangulated categories—continued)

[TR3+4] Given a commutative diagram, where the rows are exact
triangles,

X—r -y & .7z " .X[]

L

X’ ! / g 7!

hl

X'[1]

we may complete it to a commutative diagram (also known
as a morphism of triangles)

X— -y & .7z " X[

CL T

y & .z M xp
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Definition (definition of triangulated categories—continued)

[TR3+4] (continued): Moreover: we can do it in such a way that

(> ¢
vE X[1] @ Z

—f[1] ©
( ul1] h’)

Y[1] @ X'[1]

ZaY!

is an exact triangle.
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Example (back to DS (A))

We have asserted that the category D%/(A) is triangulated.
It takes the cochain complex

A* ie.

A2 92 A1 o7t AC & Al ot A2
to the cochain complex (A[1])" below:

_871 —80 A]. —81 A2 —82 A3

A—l AO
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Example (back to DS (A), continued)

If f*:A* — B* is a cochain map
9,2 at 3 By
A2 A -1 A AC A Al A A2
T e R
—2 —1 0 1 2
B e B = B P B 7 B
then (f[l])* is the cochain map
A—l _8;1 AO _8'9‘ Al _8i‘ A2 _83‘ A3
EE
B—l 0 Bl B2 B3
—o5! —0% —0p —02
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Example (back to DS (A), continued)

Suppose we are given a commutative diagram in A,
where the rows are objects of D§ (A)

X2 X1 X0 X1 X2
y—2 y-1 Yo yl y?
Z—2 Z—l ZO Zl Z2

. : £ < :
We may view the above as morphisms X* — Y* £, Z* in the category

D§ (A).

Choose, for each i € Z, a splitting 6" : Z/ — Y of the map
g Y —Z.

V.
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Example (back to DS (A), continued)

Now for each i we have the diagram

i o i g i
y4 Y ~ 7
agl La'y ok
Zitl 0 vl € Zi+1
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Example (back to DS (A), continued)

Now for each i we have the diagram

Zi o' yi

. Y i+1 )
U Yl+1 &' Zl+1

Amnon Neeman (ANU) Approximable Triangulated Categories

April 28, 2018




Example (back to DS (A), continued)
Thus the difference 9"+182 — 8§,(9i is annihilated by the map
gt YTl 5 Z™1 hence must factor uniquely as
i h s it :
Z' — X'™* — Y'7*. Form the diagram

=2 =il —0
0 6" 0 _% L

A

X1 X0 X1 X? X3

R AR S

April 28, 2018
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Example (back to DS (A), continued)

Z—2 822 Z—l 821 ZO 820 Zl 8% 22
S R
X1 X0 Xt - X2 X3
R
f'fl fO fl f‘2 f3
-1 0 1 2 3
Y Ve Y VY

Zi Zi+1

97
hi hit1

Xi+1 — Xi+2
—0y
lfi+2

Yi+2

.
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Example (back to DS (A), continued)
This is a cochain map We have constructed in the category DEI(A) a

diagram X* — Y* = Z* LN X*[1]. We declare

o The exact triangles in DS (A) are all the isomorphs, in DS (A), of
diagrams that come from our construction.
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i—2 i—1 i i+1
xi-2 %% _ yi-1 % i i1 % g2

| ]

X/ ==X 0 0

Call this map p; : X* — C. Forming the direct sum over i produces

* *
x De
i€l
and we call this map p* : X* — C*.
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Given any cochain map * : X* — Y™ we may factor it as

f'*
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Conventions

e If T is a triangulated category and n € Z is an integer, then [n] will
be our shorthand for the endofunctor [1]": 7T — T.

o We will lazily abbreviate “exact triangle” to just “triangle”.
o A full subcategory S C T is called triangulated if 0 € S, if S[1] = S,

and if, whenever X, Y € § and there exists in T a triangle
X — Y — Z — X][1], we must also have Z € S.

@ The subcategory S is thick if it is triangulated, as well as closed in T
under direct summands.

@ Let 7 be a triangulated category, and let A be an abelian category. A
functor H : T — A is homological if it takes triangles to long exact
sequences.
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Source of homological functors

Let 7 be a triangulated category, and assume A € T is any object. Then
the functors Hom(A, —) and Hom(—, A) are homological.

Remark

For the next two theorems we will suppose R is a noetherian ring, and X is
a scheme proper over R. It is an old theorem that, for any pair of objects
A € DPe(X) and B € D2, (X), we have

coh

@ Hom(A, B[n]) is a finite R-module for every n € Z.
@ Hom(A, B[n]) vanishes for all but finitely many n € Z.

Definition

Let 7 be a triangulated category and let R be a noetherian ring. A
functor H : T — R-Mod is finite if, for every object B € T, the
R-module &,H"(B) is finite.
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Main Theorems

Theorem (1)

Let R be a noetherian ring and assume X is proper over R. Then the
Yoneda functor

Dgoh (X) Y HOIIIR <Dperf(X)Op 5 R—M0d>

taking B to Hom(—, B) is fully faithful, and the essential image is the set
of finite R—linear homological functors H : DP°™(X)°P — R-Mod.
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Theorem (2)

Let R be a noetherian ring, assume X is proper over R, and suppose
further that every irreducible, reduced closed subscheme Z C X has a
regular alteration. Then the Yoneda functor

Drerf(X)op Y HomR(Dgoh(X) : R—Mod)

taking A to Hom(A, —) is fully faithful, and the essential image is the set
of finite R—linear homological functors H : DP*™f(X)°P — R-Mod.
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Definition
Let S be a triangulated category. An object G € S is a classical generator
if any thick subcategory of S containing G is all of S.

Counting the cost
We declare:

@ Shifting, forming finite direct sums, and forming direct summands is
free.

@ Each time we form an extension, that is a triangle
A — B — C — A[1], then we must pay $1 to obtain B from A
and C.

Definition

Let S be a triangulated category. An object G € S is a strong generator if
there is a number N > 0 so that every object of S is obtainable from G at
a cost of <$N.
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Let X be a quasicompact, separated scheme. The category DP*'{(X) has a
strong generator if and only if X has a cover by open affine subsets
Spec(R;) with each R; of finite global dimension.

Theorem (4)

Let X be a noetherian scheme, and suppose further that every irreducible,
reduced closed subscheme Z C X has a regular alteration. Then Dé’oh (X)
has a strong generator.
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Let X be a quasicompact, separated scheme. Then the category ch(X ) is
approximable.
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Where we're headed: formal definition of approximability

Let 7 be a triangulated category with coproducts. It is approximable if:

There exists a compact generator G € T, a t-structure (7=° 72°), and
an integer A > 0 so that

o G[A] € T=° and Hom(G[-A], T=0) =0.
@ For every object F € T=0 there exists a triangle E — F — D, with
DeT=land E € (G)[ AA
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Further background: compact generation, t—structures and

the subcategories @[A_A’A]

Assume 7T is a triangulated category with coproducts.
An object G € T is compact if Hom(G, —) commutes with coproducts.
The compact object G € T generates T if the equivalent conditions below

hold:

Q@ If X € T is an object, and if Hom (G, X[n]) =0 for all n € Z, then
X 0.

@ If a triangulated subcategory S C 7T is closed in T under coproducts,
and contains the object G, then S = 7.

Amnon Neeman (ANU) Approximable Triangulated Categories April 28, 2018 26 / 72



Example (the object R € D(R))

The category D(R) has coproducts: a family of cochain complexes

-2 -1
A Ay A A\ A

has coproduct

AEN AEA AEA AEA AEN

If R € D(R) stands for the cochain complex

0 0 R 0 0

then it can be shown that there is an isomorphism of functors
Homp gy (R, =) = H°(—). Hence the object R € D(R) is compact.

v
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Example (the object R € D(R), continued)

If X € D(R) is an object such that H"(X) = Hom(R, X[n]) = 0 for all
n € Z, then X is acyclic. The cochain map 0 — X is an isomorphism in
D(R). Thatis: X 0.

Thus the object R € D(R) is a compact generator.
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Example (the standard t-structure on D(R))

We define two full subcategories of D(R):
(]
D(R)=° = {A€D(R)|H/(A)=0 forall >0}
° -
D(R)2° = {AcD(R)|H/(A)=0foralli<0}

Definition

| A

A t—structure on a triangulated category 7T is a pair of full subcategories
(T=0,7=29) satisfying
o T[] cT=0 and 720 C T291]
o Hom(T<°[1] , 72°) =0
@ Every object B € 7 admits a triangle A— B — C — with
A€ T=[1] and C € T2O.
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Notation

Given a t-structure (7=%,72%) and an integer n € Z we define

TS = TSO[—n] and TN = 7-20[_,7]

Definition (structure that's a formal consequence)

Given a t—structure (7'30,7'20) on a triangulated category 7, we define

T =T TH=JT",
neN neN
T =700 720, TP =T-NnT*
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Projective resolutions

Suppose we are given an object F* € D(R), meaning a cochain complex

F—2 F~ 1 FO Fl F2

Assume F* € D(R)=°, meaning
H/(F*)=0 forall i>0.

Then F* has a projective resolution. We can produce a cochain map

pP2—spl PO 0 0
F72 Ffl FO Fl F2

inducing an isomorphism in cohomology, and so that the P’ are projective.
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Projective resolutions—a different perspective

We have found in D(R) an isomorphism P* — F*. Now consider

p—n . Pfl PO

|

| <—

1 PO

|

n P

-
O <—
O <—
O<—O=<—-—"20O

0
This gives in D(R) triangles

E F* D;

with D} € D(R)<~""1 and E; not too complicated.
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Reminder of standard notation

Let 7 be a triangulated category, possibly with coproducts, and let
A, B C T be full subcategories. We define the full subcategories

A+xB = {XGT

there exists a triangle a — x — b
withace A, beB

@ add(.A): all finite coproducts of objects of A. [slightly nonstandard|

@ Assume T has coproducts. Define Add(.A): all coproducts of objects
of A. [slightly nonstandard]

e smd(.A): all direct summands of objects of A.
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Measuring the effort

Let 7 be a triangulated category, possibly with coproducts, let A C T be
a full subcategory and let m < n be integers. We define the full
subcategories

o A[lm,n] =U"A[—i]
° (A>[1m’"] = smd [add (A[m, n])]

° W[lm’n] = smd [Add (A[m, n])} [assumes coproducts exist]

(m,n]

Now let £ > 0 be an integer, and assume (A)Lm’"] and (A), " have been
defined for all 1 < k < ¢. We continue with

o (AT = smd[ () s (]

_[m7n]

° ngln] = smd [(A)l * WL’"’"}] [assumes coproducts exist]
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Example (back to D(R)—the version with finite coproducts)
Let A = {R} be the full subcategory of D(R) with a single object. Then

° <R>[1_n’0]: all isomorphs of complexes

with P’ finitely generated and projective.

° (R>E,_+"1’O]: all isomorphs of complexes

0 p—n p-1 P° 0

with P’ finitely generated and projective.
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Example (still D(R)—but now the infinite version)
Let A = {R} be the full subcategory of D(R) with a single object. Then

° W[lin’o]: all isomorphs of complexes

with P’ projective.

—+—=[—n,0
° <R>L+nl ]: all isomorphs of complexes

0 p—n e p-1 PO 0

with P’ projective.
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Definition (formal definition of approximability)
Let 7 be a triangulated category with coproducts. It is approximable if
there exists a compact generator G € T, a t-structure (7=, 7=9), and
an integer A > 0 so that

o G[A] € 7= and Hom(G[-A], T=0) =0.

o For every object F € T=0 there exists a triangle E — F — D, with

DeT="1and EE(G)[ A
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Example (the category D(R))

Let R be a ring. The object R € D(R) is a compact generator, the
t—structure we take is the standard one, and we set A = 1. It's clear that
R[1] € D(R)=° and that Hom(R[—1], D(R)=%) = 0. Finally, given an
object F € D(R)=<? we first replace F by a projective resolution, then form
the triangle E — F — D below

N
RO

with D &€ D(R)="" and £ € (R); "  (R)y "
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The main theorems—sources of more examples

Q If 7 has a compact generator G so that Hom(G, G[i]) = 0 for all
i > 1, then T is approximable.

@ Let X be a quasicompact, separated scheme. Then the category
D, (X) is approximable.

@ [Joint with Jesse Burke and Bregje Pauwels|: Suppose we are given a
recollement of triangulated categories

R S T

with R and 7 approximable. Assume further that the category S is
compactly generated, and any compact object H € § has the
property that Hom(H, H[i]) = 0 for i > 0. Then the category S is
also approximable.
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The main theorems—applications

@ Let X be a quasicompact, separated scheme. The category Dperf(X)
is strongly generated if and only if X has an open cover by affine
schemes Spec(R;), with each R; of finite global dimension.

@ Let X be a separated scheme, of finite type over an excellent scheme
S of dimension < 2. Then the category D2, (X) is strongly
generated.

© Let X be a scheme proper over a noetherian ring R. Then the Yoneda
map

D, (X) Y Homp, (Dperf(X)op , R—Mod)

is fully faithful, and the essential image is the set of finite R—linear
cohomological functors H : DP(X)°? — R-mod. An R-linear
cohomological functor is finite if, for all objects C € DPf(X), the
R-module @;H(C) is finite.

Amnon Neeman (ANU) Approximable Triangulated Categories April 28, 2018 40 / 72



We should remind the reader what the terms used in the theorems mean.

Some old definitions
Let S be a triangulated category, and let G € S be an object.

[_n’n]_

e G is a classical generator if S = Up(G);,

o G is a strong generator if there exists an integer £ > 0 with
S = U,,(G)L_"’n]. The category S is strongly generated if there exists
a strong generator G € S.
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What was known

Theorem (application (3), reminder)
Let X be a scheme proper over a noetherian ring R. Then the Yoneda map

Db

coh

(X) Y HomR(Dpeff (X)°P R—Mod>

is fully faithful, and the essential image is the set of finite R—linear
cohomological functors H : DP**f(X)°P — R-mod.

This means: the functor taking an object B € D2, (X) to the functor
Y(B) = Hom(—, B), which we view as an R-linear functor
DPerf(X) — R-Mod, is fully faithful and has the image described.
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What was known before

o If X is proper over R, if A € DP{(X) and if B € D2, (X), then
Hom(A[i],B) = H (AY®B)

is a finite R—module for every i and vanishes outside a bounded
range. This much was proved by Grothendieck in EGA.

Rephrasing in terms of V: if B € D, (X) then Y(B) = Hom(—, B)
is a finite cohomological functor on DP*™(X). This much has been
known since the 1950s.

@ As long as R is a field Bondal and Van den Bergh proved, in 2003,
that every finite cohomological functor on DPf(X) is of the form
Y(B) = Hom(—, B) for some B € D2 (X).

coh
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Theorem (application (1), reminder)

Let X be a quasicompact, separated scheme. The category Dperf(X ) is
strongly generated if and only if X has an open cover by affine schemes
Spec(R;), with each R; of finite global dimension.

Remark: if X is noetherian and separated, this simplifies to saying that
DPer(X) is strongly generated if and only if X is regular and finite
dimensional.

What was known before

The following special cases were known:

e If X is an affine scheme, the theorem goes back to a 1965 article by
Max Kelly.

e If X is smooth over a field k, the theorem may be found in a 2003
article by Bondal and Van den Bergh.

@ If X is regular and of finite type over a field, the theorem may be
deduced from either a 2008 result of Rouquier, or a 2016 theorem of
Orlov.
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Theorem (application (2), reminder)

Let

dimension < 2. Then the category D

X be a separated scheme, of finite type over an excellent scheme S of
b (X) is strongly generated.

coh

What was known before
The following special cases were known:

| N\

If X is regular and finite-dimensional the result follows easily from
Application (1).

If X is of finite type over a perfect field k, the theorem may be found
in a 2008 article by Rouquier.

The generalization to X of finite type over an arbitrary field may be
found in a 2008 preprint by Keller and Van den Bergh. A different
proof may be found in a 2010 paper by Lunts.

Suppose X is affine—the question was studied in several papers by
Takahashi and coathors. The union of the results says: Dfoh(X) is
strongly generated as long as either X is of finite type over a field, or
else it is the spectrum of an equicharacteristic complete local ring.
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Proof of application (1)

The main point is that approximability allows us to easily reduce to Kelly's
old theorem. We first remind the reader of Kelly's theorem and its proof.

Theorem (Kelly, 1965)

Suppose R is a ring, and D(R) its derived category. Let n > 0 be an
integer, and let F € D(R) be an object so that the projective dimension of

H(F) is < n for all i € Z. Then F € (G} ).

n+1

Before proving the theorem we remind the reader: any morphism
P — H'(E) in D(R), for any projective R—module P and any E € D(R),
lifts uniquely to a cochain map

0 0 P 0 0
i Fi2 Ei-1 Ei Eitl Eit2 o ...
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Proof of Kelly’s theorem. We prove this by induction on n. Suppose
first that n = 0; hence H'(F) is projective for every i € Z. The identity
map H'(F) — H'(F) lifts to a cochain map

0 0 H'(F) 0 0
Fi—2 Fi—l Fi Fi+1 Fi+2

and when we combine, for every i € Z, we obtain a cochain map

o= H2(F) % HY(F) 2= HO(F) % HY(F) % H2(F) — -

R T T A

F—2 F—l FO Fl F2

This is an isomorphism in cohomology, hence an isomorphism in D(R).
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Now suppose n > 0, and we know the result for every £ with 0 < ¢ < n.
We wish to show it for n + 1. Suppose therefore that we are given an
object F € D(R) with H'(F) of projective dimension < n+ 1 for every i.
Choose for every i a projective module P’ and a surjection P' — H'(F).
Now form the corresponding cochain map

Fi72 Fifl Fi Fi+1 Fi+2

and combine over i to form

P_2 0 P_l 0 Po 0 P1 0 P2

S A

F—2 F—l FO Fl F2
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giving a map P — F, which we complete to a triangle P — F — Q.
Clearly P € ngoo’oo) and H'(Q) is of projective dimension < n.
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Lemma

Let X be a quasicompact, separated scheme, let G € Dy (X) be a
compact generator, and let u: U — X be an open immersion with U
quasicompact. Then the object Ru.O; € Dy(X) belongs to @L_n’n]

some integer n > 0.

for

Proof

It is relatively easy to show that there exists an integer £ > 0 with
Hom(Ru, O, , ch(X)S_Z) = 0. By the approximability of D¢ (X) we
may choose an integer n and a triangle E — Ru, O, — D with

D € Dye(X)=~ and E € (G}, "

| N\

But the map Ru,O; — D must vanish by the choice of £, making

T =]

Ru, O a direct summand of the object E € (G),
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Sketch of how application (1) follows from the Lemma

Let X be a quasicompact, separated scheme. By hypothesis we may cover
X by open subsets U; = Spec(R;) with each R; of finite global dimension.
By the quasicompactness we may choose finitely many U; which cover.

The Lemma tells us that we may choose a compact generator G € Dy (X)

and an integer n so that Ru;. O € @[_n’nl for every i in the finite set.

n

Put G = {G[K], k € Z}. Then it certainly follows that Ru;. O, € <g>[° o

Now put U; = {O[n], n € Z}. Since R; is of finite global dimension,
Kelly's 1965 theorem tells us that we may choose an integer £ > 0 so that

Dec(Us) € UL It follows that

0,0 —+10,0
Ru,-*ch(U,') S <Rul*ul>[ ] C <g>Ln]
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Sketch of how application (1) follows from the Lemma—continued

It's an exercise to show that Dyc(X) can be generated from the
subcategories RujxDgc(U;) in finitely many steps. Hence there exists an
integer N with Dc(X) = (Gha -

We have proved a statement about D (X), and Dref(X) ¢ Dy (X) is
the subcategory of compact objects. Standard compactness arguments
give that DPe(X) = (g)ES’O], which is Application (1).
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Sketch of another consequence of the Lemma

Reminder of the technical terms

@ Given a morphism of schemes f : X — Y/, for any x € X there is an
induced ring homomorphism OY,f(x) — (’)X7X of the stalks. The
map f is of finite Tor-dimension at x if Oy , has a finite flat
resolution over (’)Y’f(x). ’

@ The map f is of finite Tor-dimension if it is of finite Tor-dimension at
every x € X.

@ The complex C € Dy (Y) is of bounded-below Tor-amplitude if, for
every open immersion v : U — Y with U = Spec(R) affine, the
complex u*C € Dy (U) = D(R) is isomorphic to a bounded-below
K—projective complex.
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Suppose f : X — Y is a separated morphism of quasicompact,
quasiseparated schemes. Suppose Rf, : Dyc(X) — Dy (Y) takes every
perfect complex to a complex of bounded—below Tor-amplitude.

Then f is of finite Tor-dimension.

What was known

If X and Y are noetherian and f is separated and of finite type, then the
converse is due to lllusie, in a 1971 exposé in SGAG.

The first progress in the direction of the Theorem appeared in a 2007
article by Lipman and the author. That theorem only applied to proper
maps f.
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Sketch of proof

The question is obviously local in Y, hence we may assume Y is affine,
hence separated. As f is separated we deduce that X must be separated.

It suffices to show that, for each open immersion u: U — X with U

affine, the composite U — X " ¥ is of finite Tor-dimension. By the

Lemma there exists a perfect complex G € Dyc(X) and an integer n >0
_[_nzn]

with Ru, O, € (G),, . Therefore

TRE ALl

(fn).0, = R(),0, = RLRuO, C (REG)

n

But Rf. G is of bounded Tor-amplitude by hypothesis, and in forming
(Rf, G>E,_n’n] we only allow Rf,G[i] with —n < i < n, coproducts,
extensions and direct summands. Hence the objects of (Rf, G)L_n’n] have
Tor-amplitude uniformly bounded below.
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Application (2) and its proof

Theorem (application (2), reminder)

Let X be a separated scheme, of finite type over an excellent scheme S of
dimension < 2. Then the category D® . (X) is strongly generated.

coh

Sketch of proof

Application (1) gives the theorem in the special case where X is regular
and finite dimensional. The idea is to reduce to this case.

Resolutions of singularities might look tempting, but in mixed
characteristic they are known to exist only in low dimension. So instead we
use de Jong's theorem, about the existence of regular alterations. Under
the hypotheses every closed subscheme of X has a regular alteration. It
turns out that the theorem can be deduced from this using induction on
the dimension of X and two old theorems of Thomason's.
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Now for the proof of Application (3). We first recall the statement:

Theorem (application (3)—reminder)
Let X be a scheme proper over a noetherian ring R. Then the Yoneda map

D’ (X) Y HomR<Dperf(X)°p, R—Mod>

coh

is fully faithful, and the essential image is the set of finite R—linear
cohomological functors H : DP**f(X)°P —; R-mod.

v

As it happens we prove a far more general result, and the discussion of this
result brings us naturally to the structure that all approximable
triangulated categories share. Let us begin in greater generality.
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Definition (equivalent t-structures)

Let 7 be a triangulated category, and let (7150,7’120) and (7’250,7’220) be
two t-structures on 7. We declare them equivalent if there exists an
integer A > 0 with 7'1§_A C T;O C 7-1§A_
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Preferred t—structures

Let 7 be a triangulated category with coproducts, and let G € 7 be a
compact generator. A 2003 theorem of Alonso, Jeremias and Souto
teaches us that 7 has a unique t—structure (TGSO,TGZO) generated by G.

_(_0070]

More precisely: TGSO =(G) , and 720 is the orthogonal.

If G and H are two compact generators for 7, then the t—structures
(TGSO,’TGZO) and ( HSO,’THZO) are equivalent.

We say that a t—structure (7'50, 7’20) is in the preferred equivalence class
if it is equivalent to (TGSO,TGEO) for some compact generator G, hence for
every compact generator.
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Given a t—structure (TSO,TZO) it is customary to define the categories
T-=U,75", Tt=u,727", Tl=7"nT"
It's obvious that equivalent t-structures yield the same 7, 7+ and 7.

Now assume that 7 has coproducts and there exists a single compact
generator G. Then there is a preferred equivalence class of t—structures,
and a correponding preferred 7=, 7+ and 7T®. These are intrinsic, they're
independent of any choice. In the remainder of the article we only consider
the “preferred” 7—, 7+ and TP.

Amnon Neeman (ANU) Approximable Triangulated Categories April 28, 2018 60 / 72



Definition (the subtler categories 72> C 7.")

Let 7 be a triangulated category with coproducts, and assume it has a
compact generator G. Choose a t-structure (7=, 7=0) in the preferred
equivalence class. The full subcategory 7. is defined by

For all integers n > 0 there exists a triangle
T = FeT E—s F— D—s E[1]
with E compact and D € J<-n-1

We furthermore define 72 = 72N 7.

It's obvious that the category 7. is intrinsic. As 7.~ and 7 are both
intrinsic, so is their intersection ch.

We have defined all this intrinsic structure, assuming only that 7 is a
triangulated category with coproducts and with a single compact
generator. In this generality we know that the subcategories 7, 7 and
TP are thick.
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Proposition (a condition that guarantees the thickness of 72, T.")

If T has a compact generator G, such that Hom(G, G[n]) = 0 for n>> 0,
then the subcategories T~ and T2 are thick.

If T is approximable

If 7 is approximable there are:

an integer A > 0, a compact generator G € T, and a t-structure

(T0.720)

so that Hom (G[—A], 7<%) = 0 and G[A] € T=, hence G[n] € T=° for
all n > A.

Therefore Hom (G, G[n]) = 0 for all n > 2A. The Proposition tells us that
the categories 7.~ and T2 are thick.

v
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It would be nice to be able to work out examples: what does all of this
intrinsic structure come down to in special cases?

Proposition (the way to obtain some preferred t—structures)

Assume the category T is approximable. We recall part of the definition:
the category T is approximable if it has a compact generator G, a
t—structure (TSO, 'TZO) and an integer A > 0 satisfying some properties.

Then any t—structure, which comes as part of a triad satisfying the
properties, must be in the preferred equivalence class. Furthermore: for
any compact generator G’ and any t-structure (7-SO, 7-20) in the preferred
equivalence class, there is an integer A’ > 0 so that the properties hold.

v
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Corollary (the case of D(R))

We began with D(R) as our motivating example, and in particular proved
D(R) approximable. The proof used the standard t-structure, which must
therefore be in the preferred equivalence class.

the case of D (X)

Let X be a quasicompact, separated scheme. We have told the reader that
that there is a proof showing 7 = D (X) approximable—the t-structure
used in this proof happens to be the standard t—structure.

The Proposition informs us that the standard t—structure must belong to
the preferred equivalence class.

Hence the categories 7, 7+ and 7% are the usual: we have
T = DCTC(X), T = D;IFC(X) and 7? = Dgc(X).
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What about 7.~ and 727

Example (D, (X) when X is affine)

Let R be a ring. In the category 7 = D(R), the subcategory 7. agrees
with the D~ (R-proj).

qc(

Now assume R is a commutative ring, and let X = Spec(R). Then the
natural functor D(R) — Dg(X) is an equivalence of categories. Putting
T = Dgc(X) = D(R), we learn that 7~ = D~ (R—proj).
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The trivial observation about D (X)

Now let X be any quasicompact, separated scheme. If u: U — X is an
open immersion, then the functor u* : Dgc(X) — Dgc(U) respects the
standard t-structure and sends compact objects in Dgc(X) to compact
objects in Dy (U).

Hence u"Dgc(X): C Dgc(U)c. Thus every object in Dy (X)) must be
“locally in D~ (R-proj)"—for every open immersion u : Spec(R) — X
we must have that u*Dg(X); C D™ (R-proj).

The objects “locally in D™ (R—proj)” were first studied by Illusie in SGAG,
in 1971. They have a name, they are the pseudocoherent complexes.
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Theorem (7. for T = D, (X))

Suppose X is a quasicompact, separated scheme. The objects of ch(X )e
are precisely the pseudocoherent complexes.

This theorem may be found in a 2007 article by Lipman and me.

Example (X noetherian, separated)

In this case pseudocoherence simplifies: we have Dy (X): = D, (X).

The objects F € D_,,(X) are the complexes whose cohomology sheaves
H"(F) are coherent for all n, and vanish if n > 0.

And ch(X)lc’ is also explicit: it is the category D2 (X).

coh
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Theorem (the general version of application (3))

Let R be a noetherian ring, and let T be an R—linear, approximable
triangulated category. Suppose there exists in T a compact generator G
so that Hom (G, G[n]) is a finite R—module for all n € Z.

@ Consider the Yoneda functor
Y : TS — Hom[(T€)P , R-Mod].

Then the functor Y is full, and the essential image of ) are the
locally finite cohomological functors. A cohomological functor

H :T¢ — R-Mod is locally finite if, for every object A € T¢, the
R-module H'(A) is finite for every i € Z and vanishes if i > 0.

@ If we restrict the functor ) to the subcategory ch CT., then Y is
fully faithful and the essential image are the finite cohomological
functors.
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Thank you!
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