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Overview

© Cohomology jump loci
@ The resonance varieties
@ The characteristic varieties

© Alexander Modules and Chen Lie algebras
© McCool groups

@ Picture groups
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The resonance varieties

e G : finitely generated group.
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The resonance varieties

e G : finitely generated group.
@ Suppose A := H*(G,C) has finite dimension in each degree.
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The resonance varieties

e G : finitely generated group.
@ Suppose A := H*(G,C) has finite dimension in each degree.
o For each a € Al, we have a°> = 0.
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The resonance varieties

e G : finitely generated group.

@ Suppose A := H*(G,C) has finite dimension in each degree.

o For each a € Al, we have a°> = 0.

@ Define a cochain complex of finite-dimensional C-vector spaces,

(A, a): AO 25, Al 25, g2 207,

with differentials given by left-multiplication by a.
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The resonance varieties

e G : finitely generated group.

@ Suppose A := H*(G,C) has finite dimension in each degree.

@ For each a € Al, we have a2 = 0.

@ Define a cochain complex of finite-dimensional C-vector spaces,

(Aya): AD 220y AL 20, p2 200,

with differentials given by left-multiplication by a.

Definition

The resonance varieties of G are the homogeneous subvarieties of Al
Ri(G,C) = {ac A | dimcH'(A; a) > d},

defined for all integers i > 1 and d > 1.
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The resonance varieties

G : finitely generated group.
Suppose A := H*(G, C) has finite dimension in each degree.
For each a € AL, we have a2 = 0.

Define a cochain complex of finite-dimensional C-vector spaces,

(Aya): AD 220y AL 20, p2 200,

with differentials given by left-multiplication by a.

Definition

The resonance varieties of G are the homogeneous subvarieties of Al
Ri(G,C) = {ac A | dimcH'(A; a) > d},

defined for all integers i > 1 and d > 1.

o RY(Z",C) = {0}; Ri(m(Zg),C) =C%, g >2.
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The characteristic varieties

@ X: connected CW-complex of finite type.
e G =m(X).
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The characteristic varieties

@ X: connected CW-complex of finite type.

e G =m(X).

@ The character variety T(X) := Hom(G,C*) = Hom(G,p, C*) is an
algebraic group, with multiplication f; o f,(g) = fi(g)f(g) and
identity id(g) =1 for g € G and f; € Hom(G,C*).
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The characteristic varieties

@ X: connected CW-complex of finite type.

e G = ’/Tl(X).

@ The character variety T(X) := Hom(G,C*) = Hom(G,p, C*) is an
algebraic group, with multiplication f; o f2(g) = fi(g)f(g) and
identity id(g) =1 for g € G and f; € Hom(G, C*).

@ The rank 1 local system on X is a 1-dimensional C-vector space C,
with a right CG-module structure C, x G — C,, given by p(g) - a for
acC,and g € G for p e T(X).
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The characteristic varieties

@ X: connected CW-complex of finite type.

e G = 7T1(X).

@ The character variety T(X) := Hom(G,C*) = Hom(G,p, C*) is an
algebraic group, with multiplication f; o f2(g) = fi(g)f(g) and
identity id(g) =1 for g € G and f; € Hom(G, C*).

@ The rank 1 local system on X is a 1-dimensional C-vector space C,
with a right CG-module structure C, x G — C,, given by p(g) - a for
acC,and g € G for p e T(X).

Definition

The characteristic varieties of X over C are the Zariski closed subsets
Vi(X,C) = {p € T(X) = Hom(G,C*) | dim¢ H;(X,C,) > d}

fori>1and d > 1.
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The characteristic varieties

@ X: connected CW-complex of finite type.

e G = 7T1(X).

@ The character variety T(X) := Hom(G,C*) = Hom(G,p, C*) is an
algebraic group, with multiplication f; o f2(g) = fi(g)f(g) and
identity id(g) =1 for g € G and f; € Hom(G, C*).

@ The rank 1 local system on X is a 1-dimensional C-vector space C,
with a right CG-module structure C, x G — C,, given by p(g) - a for
acC,and g € G for p e T(X).

Definition

The characteristic varieties of X over C are the Zariski closed subsets
Vi(X,C) = {p € T(X) = Hom(G,C*) | dim¢ H;(X,C,) > d}

fori>1and d > 1.

° V%(T”,C) = {1} V%(Zg,(C) = (C*)%8 for g > 2.
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Tangent Cone Theorem

Theorem (Dimca, Papadima, Suciu 09)

If G is 1-formal, then the tangent cone TC1(V1(G,C)) equals R%(G,C).

Moreover, R%(G,C) is a union of rationally defined linear subspaces of
H(G,C).
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Alexander invariant

o Alexander invariant is the Z[Gap]-module B(G) = G’/ G”, where
G' =[G, G] and G” =[G, G'] are the 1st and 2ed derived subgroups.
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Alexander invariant

e Alexander invariant is the Z[G,p]-module B(G) = G’/G", where
G' =[G, G] and G” =[G, G'] are the 1st and 2ed derived subgroups.

@ The Z[G,p]-module structure on B(G) is determined by the extension
0—G/G"—G/G"— G/G'— 0.

with G/G’ acting on the cosets of G” via conjugation:
gG' - hG" = ghg™1G" forge G, he G'.

He Wang (joint with Alex Suciu) Resonance, Hilbert series and Chen ranks April 29, 2015 6 /16



Alexander invariant

e Alexander invariant is the Z[G,p]-module B(G) = G’/G", where
G' =[G, G] and G” =[G, G'] are the 1st and 2ed derived subgroups.

@ The Z[G,p]-module structure on B(G) is determined by the extension
0—-G/G"— G/G"— G/G' — 0.

with G/G’ acting on the cosets of G” via conjugation:
gG' - hG" = ghg™1G" forge G, he G'.

@ The i-th Fitting ideal of a C[G,p]-module is the ideal in C[G,p]
generated by the co-dimension i minors of the presentation matrix.

He Wang (joint with Alex Suciu) Resonance, Hilbert series and Chen ranks April 29, 2015 6 /16



Alexander invariant

e Alexander invariant is the Z[G,p]-module B(G) = G’/G", where
G' =[G, G] and G” =[G, G'] are the 1st and 2ed derived subgroups.

@ The Z[G,p]-module structure on B(G) is determined by the extension
0—-G/G"— G/G"— G/G' — 0.
with G/G’ acting on the cosets of G” via conjugation:
gG' - hG" = ghg™1G" forge G, he G'.

@ The i-th Fitting ideal of a C[G,p]-module is the ideal in C[G,p]
generated by the co-dimension i minors of the presentation matrix.

Proposition (Hironaka(97), Libgober(98) ...)

VI(G,C) = V(E4-1(B(G)® C)) ford > 1.
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Chen Lie algebras

@ The lower central series of G: T1G = G, [,G = G' =[G, G],
[ki1G =[MxG, G, k> 1.
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Chen Lie algebras

@ The lower central series of G: T1G = G, [,G = G' =[G, G],
MNe+1G =[G, G|, k> 1.
@ The associated graded Lie algebra of a group G is defined to be

gr(G; C) := P(Te(G)/Tks1(G)) ®z C.

k>1
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Chen Lie algebras

@ The lower central series of G: T1G = G, [,G = G' =[G, G],
MNe+1G =[G, G|, k> 1.
@ The associated graded Lie algebra of a group G is defined to be

gr(G; C) := P(Te(G)/Tks1(G)) ®z C.

k>1

@ The Chen Lie algebra of a group G is defined to be

gr(G/G";C) = EP(Tk(G/G")/Ti41(G/G")) @z C.
k>1
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Chen Lie algebras

@ The lower central series of G: T1G = G, [,G = G' =[G, G],
Mk+1G =[G, G|, k> 1.
@ The associated graded Lie algebra of a group G is defined to be

gr(G; C) := P(Te(G)/Tks1(G)) ®z C.

k>1

@ The Chen Lie algebra of a group G is defined to be

gr(G/G";C) = EP(Tk(G/G")/Ti41(G/G")) @z C.
k>1

@ The quotient map h: G — G/G"” induces gr(G;C) — gr(G/G";C).
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Chen Lie algebras
@ The lower central series of G: T1G = G, [,G = G' =[G, G],
Mk+1G =[G, G|, k> 1.
@ The associated graded Lie algebra of a group G is defined to be
gr(G; C) := P(Te(G)/Tks1(G)) ®z C.

k>1

The Chen Lie algebra of a group G is defined to be

gr(G/G";C) = EP(Tk(G/G")/Ti41(G/G")) @z C.
k>1

The quotient map h: G — G/G"” induces gr(G;C) — gr(G/G"; C).
@ The LCS ranks of G are defined as ¢x(G) := rank(gr,(G; C)).
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Chen Lie algebras
@ The lower central series of G: T1G = G, [,G = G' =[G, G],
Mk+1G =[G, G|, k> 1.
@ The associated graded Lie algebra of a group G is defined to be
gr(G C @(Fk /I'k+1(G)) K7z C.

k>1

The Chen Lie algebra of a group G is defined to be

gr(G/G";C) = EP(Tk(G/G")/Ti41(G/G")) @z C.
k>1

The quotient map h: G — G/G"” induces gr(G;C) — gr(G/G"; C).
The LCS ranks of G are defined as ¢x(G) := rank(gr,(G; C)).
The Chen ranks of G are defined as 6,(G) := rank(gr,(G/G"”; C)).
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Chen Lie algebras
@ The lower central series of G: T1G = G, [,G = G' =[G, G],
Mk+1G =[G, G|, k> 1.
@ The associated graded Lie algebra of a group G is defined to be
gr(G C @(Fk /I'k+1(G)) K7z C.

k>1

The Chen Lie algebra of a group G is defined to be

gr(G/G";C) = EP(Tk(G/G")/Ti41(G/G")) @z C.
k>1

The quotient map h: G — G/G"” induces gr(G;C) — gr(G/G"; C).
The LCS ranks of G are defined as ¢x(G) := rank(gr,(G; C)).

The Chen ranks of G are defined as 6,(G) := rank(gr,(G/G"”; C)).
Hk(G) = ¢k(G) for k < 3.
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Chen Lie algebras

The lower central series of G: [1G = G, I,G = G' =[G, G],
Mk+1G =[G, G|, k> 1.
The associated graded Lie algebra of a group G is defined to be

gr(G C @(Fk /I'k+1(G)) ®Z (C

k>1

The Chen Lie algebra of a group G is defined to be

gr(G/G";C) = EP(Tk(G/G")/Ti41(G/G")) @z C.
k>1

The quotient map h: G — G/G"” induces gr(G;C) — gr(G/G"; C).
The LCS ranks of G are defined as ¢x(G) := rank(gr,(G; C)).

The Chen ranks of G are defined as 6,(G) := rank(gr,(G/G"”; C)).
Hk(G) = ¢k(G) for k < 3.

Ok(Fp) = (k—1)(""K72), k > 2. [Chen (51)]
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Hilbert series and Chen ranks

o | :=kere: Z[Gyp] — Z.
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Hilbert series and Chen ranks

o | :=kere: Z[Gyp] — Z.
o The module B(G) has an /-adic filtration {/*B(G)}¢>0-
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Hilbert series and Chen ranks
o | :=kere: Z[Gyp] — Z.

o The module B(G) has an /-adic filtration {/*B(G)}¢>0-
o gr(B(G)) = Do 1“B(G)/I1**1B(G) is a graded gr(Z[G,p])-module.
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Hilbert series and Chen ranks

o | :=kere: Z[Gap] — Z.
o The module B(G) has an [-adic filtration {/*B(G)}x>o0-
o gr(B(G)) = Do 1“B(G)/I1**1B(G) is a graded gr(Z[G,p])-module.

Proposition (Massey (80))

For each k > 2, there exists an isomorphism

gri(G/G") = gri_»(B(G)).
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Hilbert series and Chen ranks

o | :=kere: Z[Gap] — Z.
o The module B(G) has an [-adic filtration {/*B(G)}x>o0-
o gr(B(G)) = Do 1“B(G)/I1**1B(G) is a graded gr(Z[G,p])-module.

Proposition (Massey (80))

For each k > 2, there exists an isomorphism

gri(G/G") = gri_»(B(G)).

| A

Corollary

Hilb(B(G) @ C, t) = ) _ fi42(G)tx.
k>0
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McCool groups (pure welded braid groups) (group of loops)
@ The McCool group wP,, is the group of basis-conjugating

automorphisms, which is a subgroup of
1A, = ker(Aut(F,) — GL(Z)).
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McCool groups (pure welded braid groups) (group of loops)

@ The McCool group wP,, is the group of basis-conjugating
automorphisms, which is a subgroup of
1A, = ker(Aut(F,) — GL(Z)).
@ The McCool groups wP, has a presentation [McCool (86)] with
generators: x;;, for 1 </ # j < n and relations: XjjXjXjk = XjkXikXij;
[X,'J',Xk/] =1; [X,:,',ij] =1, for i, j, k, I distinct.
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McCool groups (pure welded braid groups) (group of loops)

@ The McCool group wP,, is the group of basis-conjugating

automorphisms, which is a subgroup of
1A, = ker(Aut(F,) — GL(Z)).

@ The McCool groups wP,, has a presentation [McCool (86)] with
generators: x;;, for 1 </ # j < n and relations: XjjXjXjk = XjkXikXij;
[X,'J',Xk/] =1; [X,'_,',ij] =1, for i, j, k, I distinct.

e H*(wP,,C) was computed by Jensen, McCammond, and Meier (06).
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McCool groups (pure welded braid groups) (group of loops)

@ The McCool group wP,, is the group of basis-conjugating

automorphisms, which is a subgroup of
1A, = ker(Aut(F,) — GL(Z)).

@ The McCool groups wP,, has a presentation [McCool (86)] with
generators: x;;, for 1 </ # j < n and relations: XjjXjXjk = XjkXikXij;
[X,'J',Xk/] =1; [X,'_,',ij] =1, for i, j, k, I distinct.

e H*(wP,,C) was computed by Jensen, McCammond, and Meier (06).

Theorem (D.Cohen (09))

The first resonance variety of McCool group wPp, is

RiwP,C)= |J Gu U G

1<i<j<n 1<i<j<k<n

where C; = C? and Cjy = C3.

v
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Upper McCool groups

@ The upper McCool group wP; is the subgroup of wP, generated by
the x;; for 1 < i <j<n.
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Upper McCool groups

@ The upper McCool group wP; is the subgroup of wP, generated by
the x;; for 1 < i <j<n.

e F. Cohen, Pakhianathan, Vershinin, and Wu (07) computed the
cohomology ring H*(wP;; Z).
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Upper McCool groups

@ The upper McCool group wP; is the subgroup of wP, generated by
the x;; for 1 < i <j<n.

e F. Cohen, Pakhianathan, Vershinin, and Wu (07) computed the
cohomology ring H*(wP;"; Z). The LCS ranks ¢x(wP,) = ¢« (P»)
and the Betti numbers by (wP;") = bi(P,), where P, is the pure braid
group.
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Upper McCool groups

@ The upper McCool group wP; is the subgroup of wP, generated by
the x;; for 1 < i <j<n.

e F. Cohen, Pakhianathan, Vershinin, and Wu (07) computed the
cohomology ring H*(wP;"; Z). The LCS ranks ¢x(wP,) = ¢« (P»)
and the Betti numbers by (wP;") = bi(P,), where P, is the pure braid
group. They ask a question: are wP; and P, isomorphic for n > 47
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Upper McCool groups

@ The upper McCool group wP; is the subgroup of wP, generated by
the x;; for 1 < i <j<n.

e F. Cohen, Pakhianathan, Vershinin, and Wu (07) computed the
cohomology ring H*(wP;"; Z). The LCS ranks ¢x(wP,) = ¢« (P»)
and the Betti numbers by (wP;") = bi(P,), where P, is the pure braid
group. They ask a question: are wP; and P, isomorphic for n > 47

@ For n =4, the question was answered by Bardakov and Mikhailov
(08) using Alexander polynomials. (There is a gap in the proof.)
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Upper McCool groups

@ The upper McCool group wP; is the subgroup of wP, generated by
the x;; for 1 < i <j<n.

e F. Cohen, Pakhianathan, Vershinin, and Wu (07) computed the
cohomology ring H*(wP;"; Z). The LCS ranks ¢x(wP,) = ¢« (P»)
and the Betti numbers by (wP;") = bi(P,), where P, is the pure braid
group. They ask a question: are wP; and P, isomorphic for n > 47

@ For n =4, the question was answered by Bardakov and Mikhailov
(08) using Alexander polynomials. (There is a gap in the proof.)

Theorem (Suciu, W. (15))

The Chen ranks 0 of wP™ are given by 61 = (3),02 = (3),03 = 2(":1),

k .
n+k—2 n+i—2 n+1
= = >4,
O ( k+1 )H"‘l Z( i+1 >+( 4 )’k—4

i=3
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The pure braid group P,, the upper McCool group PY}, and the product
group I, = H?:_11 F; are not isomorphic for n > 4.
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The pure braid group P,, the upper McCool group PY}, and the product
group I, = H?:_11 F; are not isomorphic for n > 4.

Proof:

0a(P,) = 3<”Il>,94(sz) _ 2<”j1r 1)+<":2>,04(nn) _ 3(”:2)

The Chen ranks of P, and I, were computed by D. Cohen and Suciu (95).
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The pure braid group P,, the upper McCool group PY}, and the product
group I, = H;’;ll F; are not isomorphic for n > 4.

Proof:

0a(P,) = 3<”Il>,94(Pzﬁ) _ 2<”j1r 1>+<":2>,04(nn) _ 3(”:2)

The Chen ranks of P, and I, were computed by D. Cohen and Suciu (95).

Theorem (Suciu, W. (15))

The first resonance variety of upper McCool group wP; is

RiwPi,C)= | Gy
1<i<j<n-1

where C;j = C/+1,

v
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RENEILS

There is a close connection (under some conditions) between the Chen
ranks 0x(G) and the resonance varieties R}(G):

0k(G) = cm-Ok(Fn), for k>>1,

n>2

where ¢, is the number of n-dimensional components of R}(G).
(Suciu(01)) (Schenck and Suciu(04)) (D. Cohen and Schenck (14))

The pure braid groups P, the McCool groups wP,, satisfy this formula.
However, the upper McCool groups wP; does not satisfies this formula for

n>4.
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Picture groups

o For every quiver of finite type there is a finitely presented group called
picture group (lgusa, Orr, Todorov and Weyman (14)).
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Picture groups

o For every quiver of finite type there is a finitely presented group called
picture group (lgusa, Orr, Todorov and Weyman (14)).

e G(Ap): the picture group of type A, with straight orientation, which
is the fundamental group of the classifying space of the non-crossing
category (lgusa (14)).
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Picture groups

o For every quiver of finite type there is a finitely presented group called
picture group (lgusa, Orr, Todorov and Weyman (14)).

e G(Ap): the picture group of type A, with straight orientation, which
is the fundamental group of the classifying space of the non-crossing
category (lgusa (14)).

o G(A,) is generated by xj;, (1 < i < j < n+ 1), with relations

(xij, xut) = 1, if (i,j), (k, ) are noncrossing;
(X,'j,XJ'k) = Xjk, if i <j< k,
where (a, b) = b~taba~!.
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Picture groups

For every quiver of finite type there is a finitely presented group called
picture group (lgusa, Orr, Todorov and Weyman (14)).

G(Ap): the picture group of type A, with straight orientation, which
is the fundamental group of the classifying space of the non-crossing
category (lgusa (14)).
G(A,) is generated by xj, (1 <7< j < n+1), with relations

(xij, xut) = 1, if (i,j), (k, ) are noncrossing;

(X,'j,XJ'k) = Xjk, if i <j< k,
where (a, b) = b~taba~!.

R(An) = (Xiit1, (L <7 <n) [ (Xiiv1, X541) = 1,0 <j—1).
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Picture groups

o For every quiver of finite type there is a finitely presented group called
picture group (lgusa, Orr, Todorov and Weyman (14)).

e G(Ap): the picture group of type A, with straight orientation, which
is the fundamental group of the classifying space of the non-crossing
category (lgusa (14)).

o G(A,) is generated by xj;, (1 < i < j < n+ 1), with relations

(xij, xut) = 1, if (i,j), (k, ) are noncrossing;
(xij, xjk) = xiw, if i <j <k,
where (a, b) = b~taba~!.

° R(An) == (xiiy1, (L < i < n) | (X1, % 41) = 1,0 <j—1).

There exists a surjection R(A,) — G(A,) inducing isomorphism on the
resonance varieties RL(G(A,)) = RY(R(An)).
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() R(An) = <X,',,'_|_1,(1 <i< n) | (X;7,'_|_1,X_,"j_|_1) = 1,i <j — 1> is a
right-angled Artin group.
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o R(An) == {xiiy1, (1 <7 < n) | (X1, Xjj+1)
right-angled Artin group.

/ -

X12
R(As)

He Wang (joint with Alex Suciu)
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o R(An) = <X,",'+1,(1 § i § n) | (X,',,'+1,Xj’j+1) = 1, i <j — 1> is a
right-angled Artin group.

X23 X45 x23 X45 x23 X45 x23
° .

67

/ X34 X34 X34 X34

X12 X12 X12 X56 X12 X56

R(A3) R(As) R(As) R(As)

@ All resonance varieties and characteristic varieties of right-angled
Artin groups were computed by Papadima and Suciu (09). We only
review the first resonance varieties here.
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© R(An) == (xii+1, (1 < i < n) | (Xiiv1, Xjjt1)
right-angled Artin group.

x23
[ ]

X45 x23

x23

l,i<j—1)isa

X45

x23

X34

/ -

X12

R(As)

X12

R(As)

X12

R(As)

X56

X67

X34

X12 X56

R(As)

@ All resonance varieties and characteristic varieties of right-angled

Artin groups were computed by Papadima and Suciu (09). We only
review the first resonance varieties here.

Theorem (Papadima-Suciu (06))

Let T = (V,E) be a finite graph. Then R1(Gr;C) =, C%, where the
union is over all subsets W C V such that the induced subgraph Iy, is
disconnected. Here, C" is the corresponding coordinate subspace of CV .
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Corollary

Recall that the graph corresponding to R(A,) has vertex set
{xi,i+1, (1 < i < n)} and edges (i jy1,Xjj+1) fori <j—1.

RY(G(A)) = RY(R(An)) = Ur=2 Wi

where Wi = {Xj iy1, Xi41,i4+2, Xi42,i+3}-
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Corollary

Recall that the graph corresponding to R(A,) has vertex set
{xi,i+1, (1 < i < n)} and edges (i jy1,Xjj+1) fori <j—1.

RY(G(A)) = RY(R(An)) = Ur=2 Wi

where W; = {Xi,i+1,Xi+1,i+2,Xi+2,i+3}-

X45 x23 X45 X23

X23
X67
/ X34 X34

X12 X56 X12 X56

R(A3) R(As) R(As)
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Corollary

Recall that the graph corresponding to R(A,) has vertex set
{xi,i+1, (1 < i < n)} and edges (i jy1,Xjj+1) fori <j—1.

RY(G(A)) = RY(R(An)) = Ur=2 Wi

where Wi = {Xj iy1, Xi41,i4+2, Xi42,i+3}-

x23 X45 X23 X45 x23 X45 X23
° - -

Y <67

/ X34 X34 X34 X34

X12 X12 X12 X56 X12 X56

R(A3) R(As) R(As) R(As)

R1(G(A3)) = C* = H'(G(As3); C).

RI(G(As)) = C2UC? C HY(G(As): C) =

R(G(As)) =C3uC3UCe C Hl(G(A5),(C)
RL(G(Ag)) = C3UC3UC3UC3 C HL(G(Ag);C) = CS
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Future work

e Compute the characteristic varieties of the picture group G(A,).
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Future work

e Compute the characteristic varieties of the picture group G(A,).

e Compute the Chen ranks of G(A,) and see the relations with the
characteristic varieties.

@ Investigate how these algebraic invariants reflect the information of
the picture groups and the corresponding quivers.
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Future work

e Compute the characteristic varieties of the picture group G(A,).

e Compute the Chen ranks of G(A,) and see the relations with the
characteristic varieties.

@ Investigate how these algebraic invariants reflect the information of
the picture groups and the corresponding quivers.

Thank You!
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