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PART 1: Definitions and general results
o 2-CY tilted algebras
o d-Gorenstein algebras
o Results
Part 2: 2-CY tilted algebras arising from surfaces
o Unpunctured case

o Punctured disc
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Definition and general results
Ited algebras

Let k be an algebraic closed field. A k-linear Hom-finite triangulated category
C with suspension functor [1] is 2-Calabi Yau (2-CY) if there is a functorial
isomorphism DExt}(X, Y) ~ Ext& (Y, X), for X, Y in C.
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Let k be an algebraic closed field. A k-linear Hom-finite triangulated category
C with suspension functor [1] is 2-Calabi Yau (2-CY) if there is a functorial
isomorphism DExt}(X, Y) ~ Ext& (Y, X), for X, Y in C.

A k-linear subcategory T of C is cluster tilting if Exts(T, T') = 0 for all
T,T' €T, and if there is an X € C such that Exto(X, T)=0forall T €T,
then X € T.

The endomorphism algebra B = End¢(T) is called a 2-CY tilted algebra.
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Definition and general results

For each object X in C there are triangles

Ti— To—X—T1[1] (1)
T{[1]=X—=To[2] = T{[2] (2)
where Ty, T1, T, T{ are in T.
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Definition and general results

For each object X in C there are triangles

Ti— To—X—T1[1] (1)
T{[1]=X—=To[2] = T{[2] (2)
where Ty, T1, T, T{ are in T.

If we denote by (771]) the ideal of all morphisms which factor through an
element in 7[1], there is an equivalence [BMRO07] [KRO7].

F:C/(T[1])—modB
X — Home (T, X)
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Definition and general results

For each object X in C there are triangles

Ti— To—X—T1[1] (1)
T{[1]=X—=To[2] = T{[2] (2)
where Ty, T1, T, T{ are in T.

If we denote by (771]) the ideal of all morphisms which factor through an
element in 7[1], there is an equivalence [BMRO07] [KRO7].

F:C/(T[1])—modB
X — Home (T, X)

Every 2-CY tilted algebra B is Gorenstein of dimension at most one [KRO7].
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Definition and general results

gebras

A finite dimensional Artin algebra A is Gorenstein of dimension d
(d-Gorenstein) if d = proj.dim,D(Ap) = inj.dim,A < co.
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N € modA is injectively Cohen-Macaulay (CMI) if Exty(DA, N) =0 Vi > 0.
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M € modA is projectively Cohen-Macaulay (CMP) if E'xt}'\(l\/l,/\) =0Vi>0.
N € modA is injectively Cohen-Macaulay (CMI) if Exty(DA, N) =0 Vi > 0.

The category CMP(A) is a full exact subcategory of modA, it is Frobenius, the
projective-injective objects are the projectives in modA. The stable category
CMP(A) is triangulated, the inverse shift is given by the usual syzygy operator
Q. (Dual CMI(A) and Q1) [Bu86].
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rebras

A finite dimensional Artin algebra A is Gorenstein of dimension d
(d-Gorenstein) if d = proj.dim,D(Ap) = inj.dim,A < co.

M € modA is projectively Cohen-Macaulay (CMP) if E'xt}'\(l\/l,/\) =0Vi>0.
N € modA is injectively Cohen-Macaulay (CMI) if Exty(DA, N) =0 Vi > 0.

The category CMP(A) is a full exact subcategory of modA, it is Frobenius, the
projective-injective objects are the projectives in modA. The stable category
CMP(A) is triangulated, the inverse shift is given by the usual syzygy operator
Q. (Dual CMI(A) and Q1) [Bu86].

The AR translations act as triangle quasi-inverse equivalences [BR07].

7:CMP(A) = CMI(A) : 7!
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Definition and general results

S

Theorem (GE-Schiffler)

For indecomposable modules M and N in a 2-CY tilted algebra B, the following

statements are equivalent

M is a non projective syzygy,
M belongs to CMP(B),
QLPrM ~ M,

QM ~ 7M.

N is a non injective co-syzygy,
N belongs to CMI(B),

Q2 "N~ N,

QN ~ 77N

v

Corollary

The objects in CMP(B) are the non projective syzygies on modB. The objects
in CMI(B) are the non injective co-syzygies on modB.
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Definition and general results

S

Theorem (GE-Schiffler)

For indecomposable modules M and N in a 2-CY tilted algebra B, the following

statements are equivalent

M is a non projective syzygy,
M belongs to CMP(B),
QLPrM ~ M,

QM ~ 7M.

N is a non injective co-syzygy,
N belongs to CMI(B),

Q2 "N~ N,

QN ~ 77N

v

Corollary

The objects in CMP(B) are the non projective syzygies on modB. The objects
in CMI(B) are the non injective co-syzygies on modB.

If A is a d-Gorenstein Artin algebra then the objects in CMP(A) are the d-th

non projective syzygies on modA. [Bel00].
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Definition and general results

If B is a tame cluster tilted algebra, then rep.dimB < 3.
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o The objects in CMP(B) are the non projective syzygies on modB.
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If B is a tame cluster tilted algebra, then rep.dimB < 3. I

If follows from

o The objects in CMP(B) are the non projective syzygies on modB.

o If B is a tame cluster tilted algebra, then CMP(B) has a finite number of
indecomposable modules. [BO11]
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Definition and general results

If B is a tame cluster tilted algebra, then rep.dimB < 3. I

If follows from

o The objects in CMP(B) are the non projective syzygies on modB.

o If B is a tame cluster tilted algebra, then CMP(B) has a finite number of
indecomposable modules. [BO11]

o If an Artin algebra A is torsionless finite (the number of indecomposable
submodules of projective modules is finite) then rep.dimA < 3. [Rin11]
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Definition and general results

Consider ¢ and v the Igusa-Todorov functions. [IT05]
o they generalize the concept of projective dimension of a module

o were used to prove finitistic dimension conjecture for algebras with
representation dimension repdimA < 3
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Definition and general results

Consider ¢ and v the Igusa-Todorov functions. [IT05]
o they generalize the concept of projective dimension of a module

o were used to prove finitistic dimension conjecture for algebras with
representation dimension repdimA < 3

Theorem (GE-Schiffler)

Let A be a d-Gorenstein artin algebra, then ¢dim(A) = ¢pdim(A) = d.

For every 2-CY tilted algebra B, ¢dim(B) = ¢dim(B) < 1.
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2-CY tilted algebras arising from surfaces

ase

The class of 2-CY tilted algebras arising from unpunctured surfaces was defined
in [ABCJP]. These algebras are gentle.
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2-CY tilted algebras arising from surfaces

The cluster category of type D, has a geometric model given by the punctured
disc with n marked points on the boundary [S08]. There are bijections:

Arcs (tagged arcs)
Triangulations
Arcs ¢ triangulation
AR translation 7

Indecomposable objects in Cp,
Cluster tilting objects in Cp,
Indecomposable modules in modB

“
“
<
<> Clockwise rotation of angle 27 /n (change tags)
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2-CY tilted algebras arising from surfaces

We classify the triangulations in three types

I

11

1

o Type IlI: all the non projective syzygies arise from internal triangles with 3

vertices on the boundary (unpunctured case)

o Type IlI: all except 3 non projective syzygies arise from internal triangles

with 3 vertices on the boundary (unpunctured case)
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2-CY tilted algebras arising from surfaces

ed disc

For Type |, we define a color-index label for marked points in the boundary
such that

Theorem (GE-Schiffler)
In a Type | triangulation, given M(r;, b;) where j € {i +2,...,i — 1}, then

QM(ri, bj) = M(rj-1, bi)
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2-CY tilted algebras arising from surfaces

ed disc

For Type |, we define a color-index label for marked points in the boundary
such that

Theorem (GE-Schiffler)
In a Type | triangulation, given M(r;, b;) where j € {i +2,...,i — 1}, then

QM(ri, bj) = M(rj-1, bi)

and we prove that in this case, all non projective syzygies
o arise from internal triangles with 3 vertices on the boundary, or
o belong to the family M(r;, b;) described in the theorem
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2-CY tilted algebras arising from surfaces

by
bs € bs
ra I'e
\ 3 [
b2 r3 \\\ 4 7
\ |
\\ | _
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blr 1 6 be
6
bs l by
rg

Type | triangulation with colored points. Curves associated to the modules
M(r7, by), M(rs, bs) and M(ra, b3)
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2-CY tilted algebras arising from surfaces

o [Bu86] Maximal Cohen-Macaulay modules and Tate cohomology. R.O.
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