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DONGKWAN KIM

1. ROUQUIER COMPLEXES

1.1. Setup. In this talk k is a field of characteristic 0. Let (W,S) be a Coxeter group with
|S] =n < oo. Also we let V = > _c ke, be the reflection representation of W, and R = k[V]. R
is a graded algebra with V* in degree 2. We abbreviate M ® g N = M N for a right R-module M
and a left R-module N. We let {a;}ses be the dual basis of {es}ses, which can be considered as
elements in V* C R. Thus R ~ k[a,- -+, a,] is a polynomial algebra of n variables.

The natural action of W on V induces that on R, i.e. (w - f)(v) := f(w™(v)), and thus on
R — mody, (the category of graded R-module) and D?(R — modyg,) (its bounded derived category)
in a way that for f € R and m € “M we have f-m = (w™!- f)(m). Note that for M € R —mody,,
M ~ R, M, where R, is a R-bimodule such that R,, ~ R as a left R-module and

m-a=mw(a) for m € Ry,,a € R,
i.e. the right action is twisted by w. In other words,
W — End(D°(R — modg,)) : w + Ry, ®r —

is a well-defined action of W on D(R — modg,). Also note that for any w,w’ € W, we have a
canonical isomorphism R, R, =~ Ry : 1 ® 1+ 1 of R-bimodules.

Let K°(R — mody,) be the bounded homotopy category of R — modg,. This is the category of
bounded chain complexes in B — modg, modulo homotopy equivalence: for f,g: A* — B®, we say
that f is homotopic to g, denoted f ~ g, if there exists h : A* — B*~! such that f — g = dh + hd.
In K°(R — modg,), A® ~ B* if there exist f : A* — B® and g : B®* — A® such that gf ~ id4 and
fg ~ idp. Note that this category is well-defined if one replaces R —mod,, by any additive category,
not necessarily abelian. In particular, if we let SBimg, be the category of graded Soergel bimodules
and R — bim,, be the category of graded R-bimodules, then K b(SBimgr) and K°(R — bim,,) are
well-defined and we have K’(SBim,,) C K*(R — bimg,).

1.2. Definition of Rouquier complexes. Our goal is to lift the action of W on D’(R — modg,)
mentioned above to K*(R — modg, ), using Soergel bimodules. How can we lift R,, ® —7 We may
consider:

W — End(K®(R — modg,)) : w +— R, ®pg —
which gives a trivial lift, but this is not interesting... Here we introduce another ‘interesting’ lifting
introduced by Rouquier. However, instead we should work with the braid group Bw of (W,S)
instead of W itself.
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Any object M € K°(R — bimg,) defines an endofunctor K*(R — modg,) — K°(R — mody,) :
N — M ®r N =: MN. For a word w with alphabet S U S™!, we will define an invertible object
F,, € K*(SBimy,) C K°(R — bimg,) which descends to R,, € D*(R — bimg,) (up to a shift). Here,
w € W is w considered as a product of simple reflections in W.

First we recall some morphisms defined in Boris’ talk:
ms:Bs = R(1): f®g+ fg, mi:R(-1) =2 Bs: f—= fas @1+ f® a
Js 1 BsBs(1) » By : f@g®@h— 0s(9)f®h  ji:Bs(1) 2 R: fRgm fR®1®g
((i) is the grading shift as a graded R-bimodule.) For s € S, we define
Fy:=0—[B,| ™ R(1) = 0 € K*(SBimg,)
Fo =0 R(—1) "5 [B,] - 0 € K*(SBimy,)

The box indicates cohomology degree 0. From the following exact sequences of graded R-bimodules

f=f®as—fas®1
%

0 — Ry(—1) B, 2% R(1) = 0

0 R(—1) 7% B, 129209, p (1) 0
it easily follows that
Ry~ Fy(1) ~ F,-1(—1) in D’(R — bimy,).
However, they are not equal in K°(R — bimg,).

Exercise 1.1. Prove that Ry % Fs(1) and Rs % Fy-1(—1).

In general, for a word w = abed - - - with alphabet S U S™!, we define
F, := F,F,F.F;--- € K°(SBimg,),

called the Rouquier complex corresponding to w. In particular, we have Fy = R, F; = F;,, and
Fyo1n=Fy 1.

Remark. Indeed, the split Grothendieck group of SBimy, is isomorphic to the Hecke algebra of
W. Under this correspondence, the image of the class of F is the standard basis T.

1.3. Some properties of Rouquier complexes. We claim that indeed this correspondence w
F,, defines a weak action of By on Kb(R — modg,). For that, we need to check that F,,, ~ F,,
if w; and w; represent the same element in Byy. (Note that this does not hold if we only assume
that wy and wy represent the same element in W, e.g. Fy % F;—1.) To that end, it suffices to show
the following.

(1) FeFy-1 ~F,1Fs~Rforse S.

(2) FyFFs--- ~ F,FsF;--- where each side is the product of m terms, for s,t € S and m € N
such that (st)™ =1€ W.
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First we show that FyF,-1 ~ R in K’(R — bimg,). The tensor product of F, and Fy-1 is
described as follows. (Here, we understand this diagram as a single chain complex, each of whose
terms is the direct sum of objects on each column.)

- BB,
®m/ ms®1
F,F,-1 = By(—1) B
& *V

(1)

(2)

3)

(4) pr =j®0: ByBs ® R — Bys(—1)

(5) po=(m®1)® (—m?) : B{B, ® R — B,(1)
(6)

ps=—-—-mj®Ild: BBs® R —> R

then they give a decomposition of B;Bs; @ R into Bs(—1) @ Bs(1) & R, i.e. p;jt; = Id and p;i; =0
ifi % j.

(1@m*,m) (m®1)®(—=m®)

e

By(~1) «—— BB, ® R «——— B.(1)

('“m“,id)<\ \>—m i®id
J R J

In other words, the following diagram describes that FyF,-1 ~ R in K°(R—bimg,). (One can easily
show that the vertical maps are mutual inverses using ¢; and p; for 1 <14 < 3.)

_) e TR R e | ENEETY B (1)

Lo "l
0
N

B,

—~

J{(J“m“ id)
_p) GEmtm) (mene-m?) 5 )

F,-1F; ~ R can be proved similarly.

¢ - O —

B;

—~
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However, FFs is not homotopy equivalent to R, even up to a shift. Indeed, we have

1®m Bs(l) m
\’”@1 ‘y
B,(1)

and it is homotopy equivalent to the following chain complex.

FyF,

B;B, (2)

Bs(fl) IR1I—asR1—1Ray Bg(l) m R(2)

As BB ~ By(1) ® Bs(—1), the claim follows if we can “cancel out” B(1) in cohomological degree
0 and 1, respectively. To be more precise, we use the following diagram. (The vertical maps are
mutual inverses in K°(R — bimg,).)

_(18mma1) | B,(1) ® B,(1) _melzm) | R(2)

J{—j“ J{(f,g)Hf—g J{Id

Bg(fl) 1®1»—>a5®171®a§ Bg(l) m R(2)

J{l®1>—>a3®1®1—1®as®1 lidEBO Id

_(18mma1) | By(1) @ B,(1) _metzm) | R(2)

Also, there exists a quasi-isomorphism

Bs(fl) IR1l—asR1—1QRay Bs(l) m R(Q)

R(-2)
Thus, FsFs ~ R(—2) in D°(R — bimg,). However, it is not a homotopy equivalence. Indeed,

otherwise we would have Fy ~ F,—1(—2), but it can be easily seen to be false.

Exercise 1.2. Prove that Fs ~ F,—1(—2). (Hint: try to construct homotopy equivalences between
F, and F,-1(—2). What are the degree zero endomorphisms of Bs?)

Exercise 1.3. Show that F,F;--- F, (m terms) is homotopy equivalent to

Bs(1—-m)| -2 B,3—m) —25 ... 2% B (m—1) - R(m)
where differentials are given by
dm—27d7n—47"' =1®1 F—>a5®1*1®0és, dm,—37dm—5a"' =101—a;®01+13® as.
Now we assume s,t € S are given. If mgy = 2, then indeed it is not hard to show that

F,F, ~ F,F, € KR — bimg,), since B¢B; ~ ByBs ~ Bg. What if mg = 37 We want to
show that FyF,Fs ~ FyF F, € K°(R — bimg,). Equivalently, we will show that F[1]F;[1]F;[1] ~
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Fi[1]F5[1])F¢[1], where [§] is the cohomology shiftE| F,[1]F;[1]F4[1] is expressed as the following
cube-shaped diagram.

B;B;Bg ----- » BsBs(1) B,(2) —— | R(3)

\ g /

B:Bs(1) —— Bs(2)

The solid arrows are multiplication maps and the dashed ones are their negatives. From [EK10|, we
have a homotopy equivalence which is denoted by squiggling arrows in the following diagram.

Bth(l) ”””””” > BS(Q)

/ - \
BthBe ”””””” > BsBe(l) . . Bt(2) E—
BiB.(1) . B.(2)

*s fs s Id
ByBy(1) ~---------- > Bi(2)
/ - \
ByBsBy ~---------- » ByBy(1) Bs(2) —— | R(3)

Here, *, fs, gs are defined as follows.
e x, is the projection B;B;Bs — Bgs composed with the injection Bgs < By BsB;. It satisfies

11R1el—»1011®1,
1®R2as+a) @101 (as+2)R1101+101811 (as + 2az).

Note that 1®1®1®1,1® (2as + ;) ® 1 ® 1 generate Bs By B as an R-bimodule. The reason we
choose 1®(2as+a;)®1®1 as a second generator is that 1®(2as+a;) @101 = 101®(2as+ay)®1,
ie. 2a5 + oy is fixed by t. Also, we have that xxs = (1 — e5) = Id + m{j®jsms, which is the
projection idempotent Bs;B;Bs; — Bg;s defined in Boris’ talk. (There, we defined e = —m{j%j,m;
and the corresponding idempotent was written 1 — e.)

1This shift is introduced so that we can directly use the result of [EK10]. If one wants to compute FsF} Fs, signs
of some maps should be changed accordingly.
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[ 0 7m?®js Id
o fo=|—-(1—2)ms®j jimimsjs —xjf @ms
| Id —Js @ m¢ 0
[0 (I1—=x)Id 0
e g, = |Id 0 1d
| 0 zld 0

Here, x € k is arbitrary. The homotopy inverse is similarly defined, by switching s and ¢. We need
to show that their composition is homotopy equivalent to the identity; the corresponding chain
homotopy is given by the arrows with double lines in the following diagram.

Here, we have

0 —mg ® ji Id 0 —my & Js Id
fofs = |—(1—2)my @ j§  jimimege —xjl @mye| |—(1—2)ms @3¢ jimimsjs —xjf @ my

Id —jt @ m? 0 Id —Js @mY 0
Id —Js @ mg 0

= |—zjs @my 2(1 —2)La,j5js +22j¢jsRa, —(1 —2)my @5 |,
0 —m{ ® js Id

0 (1—-=z)ld O 0 (1—-=z)ld O (I-2)Id 0 (1—=z)Id

gigs = | Id 0 Id| |Id 0 Id| = 0 Id 0
0 xld 0 0 xld 0 xld 0 xld

Here, L,,, R, are left and right multiplication by oy, respectively. Chain homotopy maps are
defined as follows. (y € k is arbitrary.)

0 0 0
hi=[0 mfj%js 0],  ho=|-yjs O (1—y)js|, h3=0
0 0 0
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This proves that FyFFs ~ FyFsF; for mg = 3. See |[Rou04, Section 3] for the proof in general
cases.

Remark. Indeed, F,F;F; is homotopy equivalent to

B,By(1

2 X
Bsfe R(3)

By(1) —— By(2

with certain chain maps, which are symmetric with respect to s and ¢t. Since Bgis =~ By, the
relation FyFyFs ~ FyFF; follows directly. However, it is not easy to show that the chain above is
indeed homotopy equivalent to FF}Fj.

In sum, we have the following theorem.

Theorem 1.4. [Rou04), Proposition 3.4] The map s — Fs extends to a morphism from By to the
group of isomorphism classes of invertible objects of K°(R — bimg, ). Furthermore, its image lies in
K®(SBimyg,), the category of graded Soergel bimodules.

1.4. A strict monoidal category By . In fact, we can proceed further; for w € By, let ¢y ---t,,uq - - -

be two words of @ with alphabet SUS~!. Then Fy, --- F;, ~F,, ---F, , and furthermore

Hom o (r—bimg) (Fty *+ Fps Fuy o+ Fu,) = Endge (- pim,,) () ~ k

Hompo(r—pimg,) (Fty ++ Fr,ps Fuy o Fu,) ~ Endpo(g—pim,, ) (R) = k

m?

Thus the canonical map

Hom ko (R—bimg) (Fty *+ Fps Fuy o+ Fu,) = Hompe(r pimg, ) (Fty -+ Frps Fuy - Fu,,)

m)

is an isomorphism. Recall that we already have a canonical isomorphism

Ry, - Ry

m

SRy Ry 1®®1=1®---11.

For each w € By, we consider the system {Fy, - -- Fy, } of functors with isomorphisms Fy, --- F} —
F,, -+ F,, which descends to such a canonical isomorphism as above.

We define GG, as the limit of this direct system, which is unique up to a unique isomorphism.
Then for w,w’ € By, there are unique isomorphisms GGy — Gge and Gy — R. We consider
the full subcategory By, of K®(R —bimg,) with objects {Gy }wepy, - Also define G := G,-1. Then,
we have the following theorem.

Theorem 1.5. |Rou04, Theorem 3.7] The category By is a strict rigid monoidal category, and
W — Gy gives a strong action of By on K°(R — mody,).

As a result, the “decategorification” of By is a quotient of Byy. Rouquier conjectured that it
is indeed the same as Byy, i.e. the action is faithful. Some partial answers to this conjecture are
known: [KS02] for type A, [BT11] for type ADE, and |Jenl7| for finite type in general.

Us
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2. KHOVANOV-ROZANSKY HOMOLOGY AND KNOT INVARIANTS

In this section, we relate Rouquier complexes and Khovanov-Rozansky homology, which is a
certain invariant of links. We will see that one can calculate HOMFLY-PT polynomials from such
complexes.

2.1. Hochschild homology. We define My := M/[R,M] = R Qgen M, i.e. taking coinvariants.
Here, R°" := R ®x R is the enveloping algebra of R. Then the functor M — Mp is right exact and
we define

HH;(R, M) := Tor]" " (R,M),  HH(R,M) := D HH;(R, M).
i>0
called Hochschild homology of M. Similarly, one can define Hochschild cohomology as a derived
functor of taking invariants. Indeed, for a polynomial algebra R we have
HH;(R, M) ~ HH" (R, M),

which comes from the self-duality of the Koszul resolution of R. But this isomorphism does not
hold for general R.

How can we calculate such homology? Recall that R = k[aq, -+, a,]. Henceforth we identify
R™ = K[zy, - ,Zn, Y1, ,yn) and R = R"/(x1 — y1, -+ ,Tn — Yn). We have a Koszul com-
plex

0 = A™(R™)™(—2n) — -+ — A2(R*")"(~4) = (R°)"(-2) ® R ] = 0
where
&= (fla"' 7.fn) = (1’1 7y1)f1 +(xn*yn)fn

It gives a projective resolution of R as an R®"-module. Therefore for any R¢"*-module M, HH(M)
is the homology of

0 — A"(R“™)" @pen M(—2n) — --- — A?(R*™)" @pen M(—4) — M™(—2) — M — 0.

2.2. Hochschild homology of Rouquier complexes. Now let w be a word with alphabet SUS™!
and consider F,. If I(w) = r, then F,, consists of r 4+ 1 terms, i.e.

Fy=:=0=F,""" 5. 5 |F) |50

By applying HH on this sequence, we have

HH(F,)=---—0—HH(R,F," ") = --- — |HH(R, F) [ 0 — - --

where each HH(R, F!!)) is a bigraded k-vector space, where the bigrading comes from (1) the graded
R-bimodule structure of F and (2) the grading of Hochschild homology. Now we define HHH(F,,)
as the cohomology of this sequence. This is then a triply-graded k-vector space with (bimodule
grading, Hochschild grading, cohomological grading). This turns out to be strongly related to the
geometry of the knot (or link in general) represented by w as the following theorem shows.

Theorem 2.1. |[Kho07, Theorem 1] Up to a grading shift, HHH(F,,) only depends on the closure of

the braid represented by w, say o. This homology theory is isomorphic to the reduced link homology
H(o) defined by Khovanov and Rozansky (up to an affine transformation on the tri-grading.)
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One can check that H and HHH are defined in an analogous manner. The proof of the second
part in [KhoO7] uses this similarity. The first part follows from this result and the fact that H
only depends on the closure of the braid ¢. Indeed, we already know that Rouquier complexes only
depend on the image of the word w in By . However, if we take the closure, then we also need to
consider the following “Markov moves”, which result in the same link if one takes the closure of
braids.

It is easy to prove the first part concerning the first Markov move; it suffices to show that
HHH(A®F,) ~ HHH(F,A®) for any A* € K’(SBimg,) and s € S. But we have
A'Fs = ... Ai—lBS @Ai_Q(l) N Az'BS @Ai—l(l) N Ai-‘rlBS @Aia) ..
FA*=... 5 BA™ @ A72(1) - B,A"© A1) —» B,A™ @ A1) — - -

Now the result follows from the fact that (M N)gr ~ (NM)g canonically (i.e. the coinvariants of
MN and NM are isomorphic).

2.3. Connection with HOMFLY-PT polynomials. For each link o, one can attach a unique
Laurent polynomial P(c) = P(o)(a, z) with certain properties, called the HOMFLY-PT polynomial
IFYHT85|. It is characterized by the following properties.

(1) P(unknot) =1

(2) aP(Ly) —a *P(L_) = zP(Lg) for links L,,L_, Ly that are isomorphic to one another
except one part, which is described as follows.

AXX

Jones polynomials and Alexander polynomials are the specializations of HOMFLY-PT polynomials:
Pt t4/2 —t=1/2), P(1,tY/2 — t~1/2), respectively.

One property of H is that its Euler characteristic gives the HOMFLY-PT polynomial of the
corresponding link. Here, we deal with a simple example. (This is the dual version of [Kho07} pp.15—
16].) Suppose n = 1, thus R = k[a]. We also identify R®" = k[z,y]. Let S = {s}. We calculate
the HOMFLY-PT polynomial corresponding to s™ € By,. We assume that m is odd, so that the
closure of the braid is a knot, not just a link.
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From Exercise Fs--- Fy (m terms) is equivalent to the following chain complex.

B.(1—m)| - B,(3—m) — - dm=2 B (m —1) —" R(m)

We take HH on this sequence. First, the Koszul complex of R is very simple in this case.

l—x—y

0 — k[z,y](—2) —— | k[z,y] | = 0

Tensoring with R over R*", we have 0 — R(— —> — 0, thus

HH(y(R,R) = R, HH,(R,R) = R(72), HH; (R, R) = 0 otherwise.
If we tensor with Bs over R®", then we have 0 — Bs(—2) ———— 181medl-1®a, — 0, thus
HHo(R, B,) = R(1),  HH,(R,B,) = R(-3),  HH;(R, B,) = 0 otherwise.

Therefore, the zeroth and the first homology of HHH(Fy - - - Fy) is

), g gy ), L o), iy I )
D Ry DL, B R ) 22y R )

where
HHo(dm—2), HHo(dpm—4),- - = 0, HHo(dm—3), HHo(dpm—5), - =1 — 2a,
HH; (dy—2), HHy(dp—4),--- =0, HH; (dp—3), HHy (dys), - = 1 — 2au.
Thus, we have nontrivial homology isomorphic to k at (m —4,0,1), (m—28,0,3),--- ,(2—m,0,m —

2),(m,1,1),(m—4,1,3),--- ,(2—m, 1, m). (Recall that the trigrading is given by (bimodule grading,
Hochschild grading, cohomological grading).) Therefore, if we let
P (x,y,z) = Z z'y’ 2F dim HHH(; j ) (Fs - -+ Fl),
.5,k
then it follows that
z~™ (zatQ’” (a: Y+ 1) —x2zm (yz + ))

Pm(xayVZ)Z x4_22 '

Thus the Euler characteristic of HHH with respect to the second grading is

Poa, 1,2 = T @ 1) 2 = (@t 1) )

24 .2
We put x — 2~ 1/2271/4 and 2z — 2~ '2'/2, and multiply —2 2% to get
m—1 1= _ m—+1 2 _ ,m
Fm) = (B2 B) Pz~ V27 V4 1 g =8 2 ° C(-1 +2Z 1 tat(z—2")
22
For example, we have
2 26 4
f1) =1, f(3):—:1c4—|—;1022—l——7 f(5):—x6z——+x422+—2+x4
z z
8 26

f(7)=—$822—;%—x +:cz+ —&-:cz—i—f
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We claim that these are HOMFLY-PT polynomials. Indeed, if we let g(m) be the usual HOMFLY-
PT polynomial of the knot (m, 1), then from [kno| we have
g(1) =1, g(3) = —a* + a?2% + 242, g(5) = —a%2% — 2a5 + a*z* + 4a*2? + 3a?,
g(7) = —a®2* — 4a®2% — 3a® + a®2% + 6a°2* + 10a°2? + 4a°

If we substitute a — z and z — z'/2 — 21/2, then they become the same as f(m).
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